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PREFACE 


To tke Tea ©te* 

This booh constitutes a high-school course in exponential and logarithmic functions. Since the concepts of logarithm 
and logarithmic function are new to most students at this level, the material assumes no prior knowledge of the 
subject, although students should be familiar with real numbers and their properties, with exponents and their 
properties, and with linear and quadratic functions and their graphs. In particular, students should have studied 
the Numbers and Functions modules in the la mb ah Modular System mathematics series before beginning this booh. 


Exponents and 'Exponential Functions 


3 


fMgnrtJ/um and LttgajTtfmiiv Functions 


Exponential and Logarithmic Equations and lajecfuf iff ties 


The booh is divided into three chapters, structured as follows: 

Chapter 1 deals with exponents and exponential functions. 

It begins uith a review of the basic properties of exponents, 
followed by an introduction to exponential fit notions Ah 
optional third section discusses the graphs of exponential 
functions and some simple variations; and the fourth 
section looks at applications of exponential functions. 

Chapter 2 introduces logarithms and logarithmic functions 
and their properties. The third section (again optional ) 
looks at the graphs of logarithmic functions and some 
standard transformations. The fourth section covers three 
applications of logarithmic functions in the real world, 
namely the Richter scale, the pH scale and the decibel scale. 

Chapter 3 looks at equations and inequalities, building on 
the material covered in the first two chapters. The text 
presents exponential equations and inequalities in the first 
section, and mo ves on to logarithmic equations and inequalities 
in the second. The third and final section looks at systems of 
equations and inequalities. 

This book has been designed to be an effective teaching aid and includes all of the features of the Zambak Modular 
System mathematics series, as described in the section Using This Book on the next page. 
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T® the Stw&mfc Using This Bmk 

This booh is designed so that yon can use it effectively. Different pieces of information are useful in different 
ways. Look at the types of information, and how they appear in the booh. 


Definition boxes give formal definitions of new concepts. Property boxes 
present properties that can often be proved. Notes help you focus on important 
deta ils. AH of these things help you to understand the text and the examples. 


The domain of a function 
f(x) is tiie set of values 
of x for which f(x) is 
defined 

;e of a function 
■ossible 


A small notebook in the left or right margin of a 
page reminds you of the math you need so that you 
can understand the material. 


Examples show problems related to the topic and their solution, with 
explanations. The examples are numbered, so that you can find them easily 
in the booh. 


Check Yourself 2 

L Evaluate each expression, 
a. V36 b. 

£ 


Questions in Check Yourself sections help 
you check your understanding of what you 
have just studied. Solve these questio ns alone 
and then compare your answers with the 
answer key provided. 


Exercises at the end of each section cover the material in the whole section. 
You should be able to solve all the problems which do not have a star 
Questions marked (Q) and (OO) are more difficult. The answers to the exercises 
are at the back of the book. 




Property 3 


A function^ 
funs 
The logarithm) 
sum of the Iq 


Mote 

f' can ge/jeraiizo t h 
ex p0He,n(j ;i j equate ^ appr °acf, 
■Side *- k ,_r |Uati wi of tj, e 


EXAMPLE 


11 Determine w| 
a. p (x) 


Solution 


EXERCISES 2.2 


A. Basic Concept 

1. For what values of x is each ] 


nts 


Concept Check 


■*ruial expression? 


An 


^POiT, 


Q v 




'en 


f(3). 


Won j 

8’ 


°fthf 


The Chapter Summary at the end of each chapter summarizes all the 
important material that has been covered in the chapter The Concept 
Check section contains oral questions that you should be able to answer 
from reading the text; or by exploring the topic in other books or on the 
Internet. Chapter Review Tests contain multiple-choice questions to help 
you prepare for exams. The answer key for these tests is at the back of the 
book. 
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"... by shortening the labours doubled the life of the astronomer.'' 

Pierre Simon Laplace 
about Napier’s logarithms 


Today many people onlv think of logarithms as an unnecessary and difficult part of mathematics. However, 
logarithms were (and still are) a very useful calculating tool. 


It is easy to overlook logarithms in our modern world, when alt we have to do is 
enter numbers into a calculator or computer to get solutions to problems that might 
have taken hours, days or years to solve before the invention of logarithms. 
Logarithms speed up multiplication and division calculations by converting the 
operations to addition and subtraction. The only additional work added to the 
process is looking up logarithms and antilogarithms m tables. 



Although there is evidence that logarithms were known in 8ih century India, their 
invention as an aid to calculation is attributed to Joint Napier (1550-1617). Napier 
lived at a time of great new' developments m the world of astronomy. Many 

astronomers were calculating and re-calculating the 
positions of the planets using Copernicus's theory of the 
solar system, winch was published m 1543. Their calculations 
took up pages and pages and hours and hours of work. 
Wlnle workmg on ins famous laws of planetary motion, 
1-1630) still had to fill nearly 1000 
large pages with calculations! Eut by using logarithms, 
Kepler was able to reduce ins working and make ins 
breakthrough. 

Napier released Ins first logarithmic tables in 1614 in ins 
Copernicus paper Miriftci loganthmorum canonts descnptio. using 




John Napier 


the series 10 7 (I - 10- 7 K n = 0 r 1, 2. . .100 Johannes Kepler 

Napier did not talk about abase in Ins tables (actually the base was 1/e), wrote the 
logarithm of x. As Nap log x. To describe ins mvention, he used the Latin word 
lagarithmus , winch derives its meaning from tw r o Greek w r ords: logos , winch means a 
prmciple relationship between numbers or ratio, and arithmos, meaning number'. 

Meanwhile, the British mathematician Henry Briggs (1561-1630) realized the 
miportance of Napier's work and moved to Scotland to meet Napier. Briggs modified 
Napier s original idea but used a simple geometrical series to calculate logarithms, 
based on powers of 10. In 1617, Briggs published ins first table of these logarithms 
to eight decimal places. Briggs later wrote Ariihmefica logarithmica (1624), a work 
which contained logarithmic tables for 30,000 natural numbers to 14 decimal places. 
His logarithms are known today as common logantimis. 


*ECTnHETSC-.A 

LOGARITHMICA 

live 

LOO A. It. I TII M O RV M 
CtllLIADES TRIClNTA. fKO 

rra^TIf rMllrai ,tji± (MfiEiilUrt* jH a.I 

lc££- 3 - ci a 11 art- mjn 
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Other tables fallowed winch helped to spread the use of logarithms, especially m Europe. 

The Swiss clockmakex and mathematician Joost Eurgi had worked with Kepler on different 
problems. Biirgi had also been working independently on logarithms at die same time as 
Napier. He had a slightly different approach to Napierk which used die indices of geometric 
progressions. Burgfs work clearly shows the operation and nature of logs, but it was only 
published m 1620 and is basically a set of and-logarithm tables. 

The discovery of logarithms led to the invention of an important 
calculating device: the slide rule. 

Edmund Gunter (1581-1626) was the first to propose a 'calculating 
Ime' of logarithms in 1624. Gunter's invention (later called Gunter's Lme of Numbers") 
used scales divided into line segments. The length of each segment was proportional to the 
logarithm of a number. By measuring line segments with a compass, mathematicians could 
multiply and divide numbers easily. Gunter s Lme of Numbers quickly became a popular 
calculating tool. 




Jost Biirgi 



In 1630, William Oughtred (1574-1660) suggested prmting die same scale on two rules 
winch could slide one next to die other. Tills made the use of a compass unnecessary and gave 
the slide rule its current form. 

Ismail Gelenbevi (1730-1790) was an ottoman mathematician and academic. Gelenbevi 
published around thirty-five scientific articles written in Turkish and Arabic, and is credited 
widi the introduction oflogandims to Turkey. Gelenbevi's Risalafi Slwrh-i Jadapil al Ensab 
concerns tables of logarithms and dieir use, a topic which was becoming known m Istanbul 
ai die time. This treatise was die first mdependent work on logarithms in die Ottoman era. 




William Oughtred 


Today; slide rules have been replaced by scientific calculators and computers. However, a good understanding of 
Logarithms and antilogarithms (exponents) and the reasoning behind them will help to develop your mathematical 
dunking skills hi many areas. In addition, logaritlnns and exponential functions are useful in other subjects includmg 
chemistry physics, economics and the engineering sciences. And finally logarithms have many practical uses. They 
give us a short-hand, concise wav of working with data that covers a very large range of values. A variety of dungs 
such as the acidity of a solution, noise levels, and die severity of an earthquake are conventionally measured using 
scales based on logarithms. 



























JHk 
















































































































































Up to now vour study of math has included the study of llneai, quadratic and trigonometric 
functions. In this book we will look at two new types of function: exponential junctions and 
logarithmic functions. As we shall see, these functions are inverses of each other. 

Let us begin by recalling what you already know about exponents and exponential expressions, 
hi the exponential expression a is called the base and p is called the exponent. We read 
this expression as the pth power of a\ or p to the power a\ We can also read a~ as ‘a squared' 
and a 3 as *a cubed . 


A. INTEGER EXPONENTS 


An exponential expression is a short-hand way of writing a multiplication operation in which 
the factors are all equal. In other words, for a natural number n we can write 


fl 


SS 

II 

.. fl 


where at E appears as a factor n times. 


Remember that the first power of any number is the number itself, and any non-zero number 
to the power zero has value 1: 


a 1 - a } a° = 1 where a ± 0, and 0° is undefined. 


We can also define the negative power of a non-zero base as 



where a e M \ {0} and n e N. 


Finally, remember that in an expression such as 2a A 5 is the exponent of a, not the exponent 
of 2a. Similarly, -2 4 and (-2) 4 are different: -2 4 = -16 while (-2) 4 = 16. 


EXAMPLE 


i 


Solution 



Evaluate the expressions. 

a. 5° b. (-7)° c. 4 1 d. 2'~ 

We can use the properties given above. 

a. 5° = 1 b. (-7)° =1 c. 4 1 = 4 d. 2 s = -L= 1 

2-4 

Using the properties above, we can easily derive the following additional properties for any 
integers m and n and any non-zero real numbers a and 


1. 

a" ■ a" = fl ,+ " 

2. 

a m 

— - a m ~ n 

3. (a")" = a" " 




a n 

4. 

(a ■ b r = a m ■ b m 

5. 

i a -r = f. 




b b m 



Logarithms 














EXAMPLE 


2 


SimpUfV each expression, given that all variables represent positive real numbers. Leave each 
answer as a single number or fraction with positive exponents. 


Q 6 w - s 

a. T -T b. E c. (2x) 3 d. — 9— 

9 3 x- 1 - y- 1 

Solution a. 7* ■ t = 7 a+ * = 7 10 b. E = g«- 3 = g 3 c. (2ae) 3 = 2 3 ac 3 = 8x 3 

9 3 

1 1 If- -X~ 

_£> _o ii - o - n fi o o 

x -y _ x y _ xr ■ y _ y~ -x~ x y 
r' 1 -y' 1 1__ 1_ y-x x ~ y- ij-x 

x y xy 

_(jj^x)(y+x) xsH 

(* ■ y)* 

x + li 
x ■ y 


cc ccc 

Be caidiall 


T -7**7"-* 



(2s) 3 * 2x 3 


c c c c c 

a' - h" = (a -b) - {a -J- b) 


Check Yourself 1 

Simplify each expression, given that all variables are positive. Leave each answer as a single 
number or fraction with positive exponents. 

a. 3 3 ■ 3 4 b. f— c. 3(x"y)- d. X „ +y „ 

7- x~ - y " 

Answers 

a. 3 7 b. 7 s c. 3*Y d. J*L 

lj-X 


B. ROOTS AND RADICAL EXPRESSIONS 

Let a and b be real numbers, and let n be an integer greater than or equal to 2. Then an nth 
root of a is a number which, when raised to the power n , is equal to a. In other words, h is 
an rath root of a if and only if b K = a. 

For example, 4 is a third root of 64 because 4 3 = 64, and -2 is a third root of -8 because 
(-2) 3 = - 8. Moreover, both 3 and -3 are second roots of 9 because 3" = (-3)' = 9. Note that 
a second root is usually called a square root and a third root is called a cube root. 

We write to mean the principal rath root ©f a. hi tins notation, a is the radicand, ra is the 
index, and the symbol is called the radical sign. We do not write the index when ra — 2. 


QQQQQ 


Index 



ra dlcal radicand 

sign 
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The principal nth root tfa identifies. 

a. the positive root of a when n is even and a is positive. 

b. the unique root which has the same sign as a when n is odd. 

When n is even and a is negative, the principal nth root of a is undefined in the set of real 
numbers. 


By the definition above we can write = 4, = -2 t *J9 = 3 and = 2. 

We can also write parts a and h of the definition above as follows: 

__ f a if n is odd. 

For n > % n e N, and a e K, = \ 

[|a.| if n is even. 

Any expression in the form tfa is called a radical expression, or simply a radical. We can 
write radical expressions in different ways: 

^4 = VF=4. ifT = IpZf =-2, V9=^-3)- =^ = 3 and ^32 = =2. 


EXAMPLE 


g) Evaluate each radical expression, 
a. ifYlE b. ^64 


Solution a. ^/l25 = = 5 


C - ^( - b) 

b. ^64 = ^/(-4) 3 = -4 


-16 


c- yj(~5f = | -5 | = 5 

d. Since the radicand (-16) is negative and the index is even, the radical %j-16 is undefined 
m die set of real numbers. 

We can use the following laws to evaluate and simplify radical expressions: 


1. tfa~b = tfa-tfb 2. ■ 


a ya 

h tfb 


EXAMPLE 


J| Simplify' the 


expressions. 


a. ifcjn 

Solution a. \f]Tl = 3 aJTl = ^/TT 


b. l 


b. ? 


8 L? 2 




27 ijTl 3 

c. Ki8a 3 -^4a r = fact") (4a a ) = sJzQm 1 = $ 5 a s = ^2a) 5 = 2 a 


Logarithm* 

























Check Yourself 2 

1. Evaluate each expression. 


a. V3 6 

b -VT 00 

c. 

\/729 

d. V-343 

e. V 1 ! 

f. VS4 

Answers 

S- ^729 

h. 

125 

\49 

i. fs I 

V 125 

, J 343 

V 1000 

1. a. 6 

b. -10 

c. 

9 

d. -7 

e -1 

f . 2 

g. undefined in R 

h. 

5 

7 

2 

1 . — 

5 

7 

J 10 


C. RATIONAL EXPONENTS 


CCCCC 

a 1 " ■ a = cT 
a m ■ h" = (a ■ h) m 


Ail exponent of the form — where n e N and n > 2 indicates a root with index n: 

n 

i i 

For example, 3 ^ = ^ 3 " and 53 = 

1 

The expression a n is equivalent to the principal nth root of a , and so it satisfies die properties 

1 

of principal roots. For example, (-4)- is undefined in the set of real numbers because 

1 __ 

H) 2 = E*. which is not a real number. 

Taking into account the definition of the nth root of a number we can also write 



1 

a ” = h if and only if b n = a. 


EXAMPLE 


§5 Evaluate each expression. 

I I 

a. 100- b. 81 4 

1 _ 

Solution a. 100 ¥ - -J 100 = 10 
1 _ 

c. 64«=^4=2 
1 

e. (-32) r = ^32"= -2 


c. 64 s 


d. (-32) 4 e. (-32) 5 

1 

b. 81 4 = \f% \ = 3 

1 

d. (-32) 4 is undefined in K 
1 1 1 


f. (32) 5 


32 


r ^2 2 


f. (32)' 


Now diat we have defined a n , we can use the properties of exponents to define a ” for any 

rational number —: 

n 


1 11 FH 

a " = (a m )" = (a ")” or a “ 


(E)’ 


Exponents and Exponential Functions 


13 


















EXAMPLE 


Evaluate each expression. 

5 3 

a. 27 ? b. 32 F 

5 i 

Solution a, 27^ = (27 r ) 2 = 3" = 9 


c. 64 



16 


_1 3 3 

a. 4 ^ - 8 ^ 4- 16 _4_ 


Solution a. 4 

^Q-Q-Q-e 


1 - 1 -ill 1 

2- 8 3+16 4 = —--^4-—=- 

4 r 8 r 16 r 


b. (0.0016)^ +(0.125) 3 
1 


d. 25 s 


1 1 
+ 


i , L , 2 2 

(8 3 ) a (i6 4 ) 3 


1 1 1 

+ 


4-2 +1 _3 
8 8 


2 3 =8 » 8 3 =2 

2 4 = 16 16^=2 
1 

5 3 = 125 <=> 125 5 = 5 


i i 

b. (0.0016)^4- (0.125)^— 


16 


10000 


i 

■* f 125 y 

1000 


1 

16" 


125 3 257 

--- 4 --— 

1 10 10 10 


10000 4 1000 3 


EXAMPLE 


| : : Write each expression as a quotient with positive integer exponents, given that all variables 
represent positive real numbers. 


a. (x^-g 1 *) 4 


4 _ 1 _ 1 _ 5 _ 

b. (x 3 ■ 3 /"*):(x 3 ■ y 4 ) 


Solution a. (*-* y 1 -)* = (^-) 4 = ( -!LJL = !LL = L 

x 4 . 1 x 3 


13-- 


,3 


oo 


+ 1 15 


4 1 15 


b. {x 3 y 4 ){x 3 y 4 ) = x * x 3 y 4 y 4 = x 3 3 y 4 4 =x 1 y 


y 

x 


EXAMPLE 


Fhctorize each expression using the given common factor, given that x represents a positive 
real number. 


5 1 1 

a. 3x 4 -x 4 ; x 4 


3 1 

b. 9x 5 + 2 lx 3 ; 3x 



14 


Logarithms 
























- - A 5 1 

Solution a. We need a 4 as a factor in each term of 3 a: 4 - a 4 . Look at the exponents. Since — = 1+ —, 

4 4 

we can write 


i+— 

3a 4 

3 1 

9a 5 +2 1a 5 


A 4 = 3a ■ A 4 - A 4 = A 4 ■ (3a 1). 

[3 ■ 3a 1 e - ]+ [3 -7a 5 5 ]= [3 a -3x E ]+ \lx* -3a e ]= 


2 1 

3a 5 (3a+7a 5 ) 


Check Yourself 3 

I - 

1. Evaluate die expressions. a. -25 s b. 100 2 

2 Write each expression as a quotient with positive integer exponents, given that all 
variables represent positive real numbers. 

3 1 

a. (jr 4 -if)* b. (-27 

3. Factorize each expression using the given common factor, given that x represents a positive 
real number. 

4 11 5 3 1 

a. x 3 +3x 3 ;x 3 b. 35x 4 - 14x*\ lx A 

Answers x 3 a? 1 - 5 

1. a. -5 b. 1000 2. a. 4- b. -E- 3. a, x 3 (*+3) b. 7*"*(--2x) 

]j 3b x 


D. REAL EXPONENTS 


So far we have studied expressions with rational exponents. What about expressions widi 
irrational exponents, such as 3^ or 2 s7 ? Many scientific calculations include expressions such 
as these. We will not study irrational exponents in detail in dns module. Instead, we will simply 
say that the laws we have seen for rational exponents also hold for irrational exponents. 

If a is a positive number and a is an irrational number, we can evaluate a* by taking successive 

fn 

rational approximations of a. For example, to evaluate 3 we round approximations of 
V2 = 1.41421356... up and down and then raise 3 to these rational powers, as shown in the box. 

As the process continues, die left and right sides of the 
inequality expressed as rational powers of 3 will have more 
and more identical decimal digits. These are the digits in the 
decimal approximation to 72. At the fourth step, we can use 
3^ 3 1414 

Using a scientific calculator, we find 3 1414 ^ 4.727695. 

The actual value of 3 ^ is 4.728804... . 


3 1 

< 

3*< 

3- 

3 14 

< 

3* < 

31.5 

31.41 

< 

3* < 

3 1,42 

31.*14 

< 

3 s < 

3 1,415 

1.4142 

< 

3 /5 < 

3 14143 


We will not go into any more detail here, but it is easy to see that a * has a very definite real 
value for a > 0 and for any real (i.e. rational or irrational) value of a. 
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EXAMPLE 


10 Evaluate the expressions for x e R given that 3 * + 3 X = 5. 

a. 9* + 9" b. (I) 1 + (i)- 1 

3 3 


Solution a. We begin with 3" + 3 J = 5 and try to obtain the expression 9* + 9 \ Taking the square 
of each side of the equation gives us 

(3" + 3*) s = 5" <=> (3 -1 )' + (3*) 3 + (2 ■ 3 1 ■ 3“) = 25 <=> (3 s )" + (3 s ) 1 + (2 ■ 3 I+< "’) = 25 

<=> 9" + 9 1 + (2 ■ 3 ^ )= 25 ^ 9* + 9" = 23. 

1 

b. Using — = 3“\weget (—)" +(—)“ s = (3 -1 )* + (3 -1 ) -1 = 3“* -S-3 1 = 5. 

3 3 3 


ccccc 

(a t bf - a 3 t b- t 2ab 
CO" = (a") m 
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The Number e 


The hlstorv of mathematics is marked by the discovery of special numbers such as counting numbers, zero, negative 
numbers, and imaginary numbers. One of the most famous numbers of modern times is called e, or the Euler 
num her. 

John Napier, the inventor of logarithms, implied that this number existed in his work at the beginning of the 
seventeenth century. However, the Swiss mathematician Euler studied it more formally in the 1720s, and in 1727 
he gave it the name e that we use today. 

e is a real number constant that appears in different areas of mathematics. It is important in statistics for 
calculating the change in size of a population or quantity over time. It helps us to solve problems in probability 
and counting, and appears in the study of the distribution of prime numbers. We also use it to solve problems with 
logarithmic or exponential functions in calculus. 

So how can we calculate this important number el 

1 


One wav is to define e as the number that the expression 1-i- 


apprcaches as n tends to infinity. 


n 

nr 

1 

2 

2 

2.25 

5 

2.48832 

o 

1—1 

2.59374 

100 

2.70481 

1000 

2.71692 

10000 

2.71815 

100000 

2.71827 

1000000 

2.71828 

1000000000 

2.718281828 


The table below shows the value of this expression for different values of n. You 
can see from the table that as n gets larger and larger, the expression (1+ — j 

l N ) 

gets closer and closer to 2.71828..., which is the value of e. In fact, its value is 
approximately 2.718 281 828 459 045 235 360 287 471. 

Alternatively, we can calculate the value of e using the following infinite sum: 


Recently, mathematicians have discovered even more efficient wavs of 
calculating e. 


e is an irrational number, so its decimal expansion never terminates or completely repeats. Therefore, no matter 
how many digits in the expansion of e you know, the only wav to find the next digit is to compute e using a par¬ 
ticular method with more accuracy. 


e is also a transcendental number, which means that e is not the root of any polynomial with rational number 
coefficients. 


Finally, e is also the base of special types of logarithm known as natural logarithms. You will study natural 
logarithms later in this module. 

















Mm ^PONENTIAL FUNCTION 


Imagine that a virus is spreading through the population of your city. The virus begins in one 
person, and spreads to all the people that the person meets, hi turn, these people infect all 
the people that they meet, and so on. Traveling like this, the virus can spread very fast. 
Mathematicians use special functions called exponential functions to model and study 
situations such as this. 

In this section we will look at simple exponential functions which we call basic exponential 
functions. In the last section of this chapter, we will look at the more general form of an 
exponential function. 

A. BASIC CONCEPT 


Definition 


A function of the form f(x) - a* for a constant a > G, a ± 1 is called a basic exponential 
function with base a. 


hi this section, the term exponential function' means a basic exponential function. 
g(x) - 3% h(x) = 10* and j(;x) = 4~ x = (4‘)* = 16* are examples of basic exponential functions. 
mix) - (- 2 )* and n(x) - x* are not basic exponential functions (can you see why?). 


EXAMPLE 


11 


Determine which functions are exponential. 


Solution 


a. p(x) — 2“* b. r(x) = 3“* c. s(x) = 5 4 d. f(x) = x 2 e. u(x) = (-3)* 

We can use the laws of exponents to identify the functions which satisfy’ the definition. 

a. p(x) - 2‘* = (2')* = 4*. Since the base (4) is positive and different from 1, p{x) is an 
exponential function. 

b. r(x) = 3" = (3 _ y = ( ~y . Since — >0 and — r(x) is also an exponential function. 

3 3 3 


i i 

c. s(x) = 5 4 = (5 4 )* = (^T)\ Therefore, s(x) is an exponential function with base tfE. 

d. Since x appears in the base and not in the exponent, t(x) is not an exponential function. 

e. Since u(x) has a negative base, u is not an exponential function. 
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B. GRAPHS OF EXPONENTIAL FUNCTIONS 

Let us look at the graph of a basic exponential function for the two possible cases a > 1 and 
a e (0, 1). 

1. Graph of f(x) = a* for a > 1 

Consider the function/(x) - T . Tiie following table shows die corresponding values ofx and f(x ). 



X 

-CO 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

+ 00 

}( x )= Z x 


1 

1 

1 

1 

1 

2 

4 

8 

16 



16 

8 

4 

2 








We can sketch die graph off(x) bv plotting the points (x, 2 X ) 
and joining them with a smooth curve. To make the curve 
easier to see, we have used different scales for x and y in the 
figure opposite. Notice diat die curve approaches die negative 
x-axis but never actually touches it or crosses it. We say that 
the x-axis is a horizontal asymptote for the graph of/(x). 



The graph of any exponential function witii a base a > 1 
is a curve similar to the one shown above. The figure 
opposite shows the graphs y - 2* and y = 3*. We can see 
that as the the base a increases, the graph y - a* 
becomes steeper on the right and approaches the 
asymptote faster on the left. 


2. Graph of f(x) = a 1 for a e (0, 1) 
Consider the function / (x) 




The table shows a sample of values. 


X 

— CO 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

+ k> 

/M=dr 


16 

8 

4 

2 

1 

1 

1 

1 

1 

1 


4 







2 

4 

8 

16 

32 
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/W A 



The figure on the left shows a sketch of the graph 
f(x) — (^y for the values In the table. We can see 
that the x-axis Is a horizontal asymptote of the curve. 


g{x)={^y 



If we compare the graphs of f(x) = (—■)* and g(x) = (— )* shown on the right, we can 

2 3 

conclude that as the base a e (0, 1) decreases, the graph y - a* becomes steeper on the 


left and approaches die asymptote faster on the right. 

Notice diat the graph y — 2 X is a reflection of the graph y - (—■)* in the y-axis. 

2 


C. PROPERTIES OF EXPONENTIAL FUNCTIONS 

Any exponential function of the form f(x) = a* has the following properties: 

1. The domain of the function is die infinite interval (-°a t +«>). 

In other words, x can take any value in R. 

2. The range of die function is die set of positive real numbers. 

In other words, the function f(x) — a* is positive for all values of the argument x T and its 
graph ties entirely above the x-axis. 

Combining properties 1 and 2 gives us/: (-co, -§-ra) -4 (0, &o) t i.e. /: R —> R + . 

3. Exponential functions are monotone. 

a. If a > 1 then /(x) = a x is strictly increasing because the curve of its graph always moves 
upward as x increases. In odier words, 


For example, since 3 < 4 we can write 5 3 < h 4 . 


if x 1 < then a* 1 < a*- T and if a* 1 < a* 1 then x : < x 2t where a > 1. 


| C C C C C l 

The domain of a function 
fix) is the set of values 
of x for which fix) is 
define d. 

The range of a function 
f{x) is the set of possible 
values which fix) can 
take. 

A function is called 
nKMMJtoD© if it is either 
increasing or decreasing. 
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b. If 0 < a < 1 then f{x) = a* is stnctlv decreasing because the curve of its graph always 
moves downward as x increases. In other words, 

if x : < x 5 then a* 1 > a x \ and if a* 1 < a** tlien > xo, where 0 < a < 1 . 

We can remember relations a and b by using a simple rule: 


Consider the direction of the inequality between the exponents. If the base is greater than 1„ 
the direction of the inequality between the expressions is the same as this direction. If the 
base is between zero and 1 , the direction of the inequality is opposite to this direction. 

For example, to compare 2 m and 2 3/4 , we first establish die inequality between their exponents. 
Since their common base is greater than 1, we keep the direction of the inequality the same 
for the two numbers: 


<=* 2- < 2 4 . Alternatively by the same rule we get 5 < 7 (—) 3 > (—)\ since 0 < —< 1. 


the same 




opposite 


4. The graph of the function of the form f(x) = a* always outs the y- axis at y = 1, since at 

x - O y f(x) - a x - 1 . 

For other values of x we can write the following: 

For x > 0, a*> 1 if a > 1 and a* e (0, 1) if a e (0, 1). 

For x < 0, a* e (0, 1) £f a > 1 and a* > 1 if a e (0, 1). 


EXAMPLE 
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Identify which exponential numbers are greater than 1. 




b. (1.5 ) 1,4 


( 73 )-'* 




e. 



f. ( 0 . 12 )-°" 


Solution Combining properties 3 and 4 above gives us the following: 

* For 0 < 0 < l t if x > 0 then 0 < a x < 1, and if x < 0 then a* > 1. 

* For a > 1, if x > 0 dien a x > 1, and if x < 0 then 0 < a* < 1. 

Bv considering these statements, we can see diat the numbers m b and f are greater than 1. 


EXAMPLE 


13 Find the biggest number in each pair. 


a. t> 


3 4 

s* gr 


b. (-) a ,(-) 3 
3 3 


c. (4/2)-=, (-h ) 3 

V2 


Solution a. Snice — < — and the common base is greater than 1, the direction of the inequality will 
4 5 

34 4 




be the same for the exponential expressions, i.e. 5 4 < 5 s . So 5 s is die biggest. 
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2 

b. The common base (—) is between zero and 1. So the direction of the inequality for the 

exponential expressions will be the opposite of the inequality for the exponents. Since 

5 2-2 

— <3 f we can conclude (— )->(—') 3 . 

2 3 3 


c. 


(V2)- s = (-U 2 and 0 < -L< i. so ( 
V2 ^2 


>( 




because 2 < 3. 
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Solution 


State the monotony (strictly increasing or strictly decreasing) of each function / : 1R ->M. 
a ■/(*) = T + 3 1 b. f{x) = (I)’ +(i‘ c. f(x) = 1+ -L 
d./(x) = 2- +I e. /(x) r= -3 ■ 2 s 

Recall the properties for the monotony of the sum of two functions: 


1. The sum of two strictly increasing functions is also a strictly in ere a sing function. 

2. The sum of two stnedy decreasing functions is also a strictly decreasing function. 

a. Since/ : (x) = 2 s and / a (x) — 3 s are both strictly increasing,/(x) = / : (x) + (x) = 2 a + 3* 

is also strictly increasing. 


b. Since both (— y and (— )* are strictly decreasing, /(x) -= (—)* + ( —)* is also strictly decreasmg. 

2 3 2 3 

c. Adding a constant to a monotone function does not affect die monotony of the resulting 

1 l l 

function. We can conclude that since (—)* is strictiy decreasing, /(x) = 1 + — = ! + (—)* 

2 2 * 2 

is strictiy decreasmg. 


d. We can write /(x) = 2~ +x = 2~ ■ 2* = 4 ■ 2* and notice that 2* is a strictly increasing 
function. Since a positive constant multiple of a function has the same monotony as this 
function, f(x) - 2“ + * = 4 ■ 2* is a strictiy increasing function. 


/(x) = - 3-2 *=-3 ■(—)*. Since a negative constant multiple of a function has the 

2 1 . * 1 

opposite monotony of this function and (—)* is strictiy decreasing, /(x) = -3 (—)* is 

2 2 

strictly increasing. 


c c c cc 

A bijective function is a 
function which is both 
one-to-one and onto. 


A fifth and final property of exponential functions is that they are bijective. In particular, 
since one-to-one functions satisfy the property /(x 2 ) = /(x„) <=> x 1 — x a , we can draw the 
following conclusion about exponential numbers: 

If a* = a* then x = y , and if x = y then a* = a s . 


For example, x = 5 is the solution to the equation 2 X - 2*. 
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In each case, find a function of the form f(x) 


m ■ o* which satisfies the conditions. 


a. /(0) = 2 and/(3) = 250 b. /-'(20) = 2 and /" 1 (40) = 3 


Solution a. Substituting the two function values m the required form of f(x) gives us 

/(0) = 2 ^ m ■ = 2 «=> m = 2, and /(3) = 250 ^ wi ■ a 3 = 250 ^ a = 5. 

'T' 2 


/(a) = = a 


So die required function is/(;*:) = 2 ■ 5*. 

Considering the relation between a function and its inverse, we have 
}~\ 20) = 2 <=»/(2) = 20, and(40) = 3 « /(3) = 40. 

Substituting these values in the required form for f(x) gives us 

/(2) = 20 ^ m ■ a" = 20, and/(3) = 40 <=> m ■ a 2 = 40 ^ m ■ ■ a = 40. 

Now let us replace m ■ = 20 in the second equation: 

20 a - 40 <=> a — 2. 

Substituting this in the second equation again gives us 
m a 3 = 40 <=> m ■ 2 3 = 40, i.e. m - 5. 

So die function is f(x) - 5 ■ 2". 



Check Yourself 4 

1. Find the biggest number in each pair. 

- - 1 

a. 3 s , 3 a b. (i) 2 , (0.25) 3 c. (^F) 4 , (5)^ +1 

4 

2. Determine whether each number is greater than 1. 

a. (V b. 2 r c. (I) 3 -^ d. (V^ 

o 2 

3. Determine whether each function is increasing (z 1 ) or decreasing O). 

a. fix) - 2 1_I b. f{x) = 3 1 + 5 s c. /(*) - 3 * d. /(*) =1-2* 

4 . In each case, find a function of the form /( x) - m ■ a* which satisfies the conditions. 

2 2 27 81 

a. /(!)=--and/(2) = -— b. r*(-—) = 2 and/-*(-—) = 3 


Answers 

p 

1 . a. 3 f 

b. (I ) 2 

c. 

5^ + 1 


2 . a. no 

4 

b. yes 

c. 

no 

d. no 

3. a. 

b. ^ 

c. 

\i 

d. ^ 

II 

H 

w 

d 

3 3 

b. 

/(*)=? 
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EXERCISES 1.2 


A. Basic Concept 


4, Which number in each pair is greater? 


1, Determine which functions are exponential 
functions. 

a. f(x ) = 5 31 b. f(x) = 4-- 1 

c. /(x) = 3 ’" 2 d. /(x) = -2* 

e. f(x) = x 1 f. fix) = x s 

g. /(x) = (- 2 ) ! 


3 7 

a. 4\ 4 r 


4 - 
b. (-) 10 , (0.8) 2 

5 


c. (0.7) 3 , (—) 3S 
10 


d- (V6)- 6 . (-=)° 


e. ( 72 - 1 )^, 


o 

Of. % = i/= (^T 1 

5^ 


B, Graphs of Exponential Functions 

2. Sketch the graph of each function. 


a fix) = 3* 
c. fix) = 5’ 
e. fix) = 2 s * 


b. /(*) = (£)■ 

d. /(*) = (i)- 

5 

f. /(a) = 3 _I 


C. Properties of Exponential Functions 

3, In each case, find a function of the form 
f(x) = m ■ which satisfies the conditions. 

a. /(0) = 3 and/(2) = 12 

b. /(1)= | and/(4)= A 

2 Id 

c. /-'(27) = 3 and /" 1 (81) = 4 


5, Determine whether each number is greater than 1. 

a. i-)^' 2 b. (—j’* c. ^jr-5-^ 

V 3^ 2 5^ 

d. (Vd-2)-*" 2 e. (V2-1) 01 f. (VS-2)" 2 


6 . Determine whether each function is increasing 
© 

i?) or decreasing ("si). 


a. fix) = 3* 


b. fix) = 2 1 


c. fix) P 5 ■ 3* 3 
„ . 3 1 +5* 

e /(*)=—7- 


d. /(*)=c|r +c|r 

3 b 


f. / (x) — 1 ■ 


7. For a > 1 and x, ij, z e M, show that if x + y > 2z 
then a " + a ! > 2a\ 
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Solution 


Earlier in this chapter we looked at the graphs of basic exponential functions of the form 
f(x) = a x and tiieir properties. We sketched die graphs of some functions bv plotting a selection of 
points, and we drew the following conclusions about exponential functions and their graphs: 

1. The domain is K, i.e. the graph is defined over the a 1 -axis. 

2. The range is M + T i.e.f(x) always has positive values. 

3. The graph does not cross die x-axis, and has a horizontal asymptote at y - 0 (the x-axis). 

4. As a result, there are no x -intercepts. 

5. The graph crosses the ?/-axis at (0, 1), i.e. y =;1 is the ^-intercept. 

6. (1, a) is also a point on the graph because/(l) = a 1 = a. 

7. f(x) is a monotone function which is stncdy increasing for a > 1 and stncdy 
decreasing for a e (0 t 1). 

Considering all these common properties, we can roughly sketch the graph of any exponential 
function of the form f(x) = a*. 

Sketch the graph of f(x) — 5 s . 

We know that the points (0, 1) and (1 T 5) he on the graph. Also, 
f(x) = 5 s is strictly increasing because its base, 5, is greater than 1. 

We can therefore sketch the graph as shown opposite. 

Now we are ready to consider the graphs of more general 
exponential functions. 



Definition 


exponential function (general form) 

A function of the form /(x) = c ■ a dU + k where a, c, d, p and k are real numbers widi 
a > 0 and a ^ 1 is called an exponential function with base a. 



For example, g{x ) = 3 ", h(x) = 10 I+1 and j(x) - 5 -3 " + 2 are all exponential functions. 
Before we try to sketch the graph of an exponential function, it is useful to remember how 
certain variations of any function/(x) affect its graph. Consider the function/(x) and the 
positive contains c, d, k and p. The possible transformations of the graph of/(x) are as follows: 
Vertical shift: We obtain the graph ij =/(x) T k bv shifting/(x) k units upward, and the graph 
of ij = f(x ) - k by shifting /(x) k units downward. 

Horizontal shift: We obtain the graph y = f(x + p) by sltifting/(x) p units to the left, and the 
graph y - j (x - p) by shifting/(x) p units to the right. 

Reflection: The graph of y —f(-x) is obtained by reflecting/(x) in the y-axis, and the graph 
of y = -/(x) is obtained by reflecting/(x) in the x-axis. 
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Vertical shrink and stretch: We obtain the graph of y - c ■ f(x) by shrinking/(x) vertically by 
a factor of c if 0 < c < l f and by stretching/(a:) vertically by a factor of c if c > 1. 

Horizontal shrink and stretch: We obtain the graph ij - f(d ■ x) by shim Jang/(v) horizontally 

bv a factor of — if d > 1, and bv stretching it horizontallv bv the same factor if 0 < d < 1. 
d 

In summary eacii point (x y ij) on tiie grapii of f{x ) moves to 


* (x, IJ + k ) 

for 

y = /(*) + k 

(shift ft units up) 

• (x,y -k) 

for 

V = fix) - k 

(shift h units down) 

* 

1? 

1 

y 

for 

y = f(x + p) 

(shift p units to die left) 

• (x + p, IJ) 

for 

II 

£ 

1 

(siiift p units to die right) 

• (-X, y) 

for 

y = /(-*) 

(reflection in die ij- axis) 

• (*, -y) 

for 

¥ 

II 

Ss 

(reflection in die -e-axis) 

• {x, c ■ y) 

for 

H 

< 

II 

Si 

(vertical siirink or stretch) 

• { x, y) 

(I J 

for 

y = f(x ■ d) 

(horizontal shrink or stretch) 


The following figures siiow the effects of each variation on die grapii/(v). 
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Now let us return to our original problem of sketching the gjaph of an exponential function. 
We can sketch the graph by considering/(x) to be a* in the transformations given above. For 
example, we can sketch the graph y - 3*-2 by noticing that it is in the form y-f(x)-k where 
f(x) = 3" and k — 2. So the graph is the same as the graph of f(x) - 3* shifted 2 units downward. 


We know that the points (0 t 1) and (l t 3) are on the 
graph of f(x) — 3*. These will move to (0, -1) and (l t l) t 
respectively on ij — 3* - 2. For a vertical shift two units 
downward, we translate all die points on f(x) - 3* by 
subtracting 2 from their ^-components (ordinates). 
Accordingly we determine the following for y = 3* - 2: 

domain: E, range: (-2, asymptote: y - - 2. 

As we can see, the original asvmpote of y - 3* also shifts, 
hi addition, notice that although the domain is still E, 
the range of the function is affected by the vertical 
translation. 



EXAMPLE 
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Sketch the graph of y - 3* + " - 2 and determine its domain, range and asymptote. 


Solution We will begin with the graph y - 3*. Remember that when more than one transformation is 
apphed to a function, we begin the graphical transformation bv first considering the changes 
to the variable. 



To obtain 3 S+S in terms of f(x) = 3 \ we can write g(x) — 3 I+a = f(x + 2). So we shift the graph 
off(x) - 3* two units to the left (p - 2). Then y - 3* + ~ - 2 = 0(x) so we shift the graph 
of g(x) two units downward (k = 2). 



As a result, we can see that y = 3* + " - 2 has domain E, range (-2, oo) and asymptote y = -2. 
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EXAMPLE 


18 Sketch the graph of y - -2* and determine its domain, range 
and asymptote. 

Solution We first draw die graph of f(x) = 2*. By reflecting it in die x-axis 
we obtain the graph of y - -2* - -/(x). So y = -2 J has 
domain IK, range (-°o t 0) and asymptote y - 0. 
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Sketch the graph of each function and determine its domain, range and asymptote. 

a. f(x) =3-(i)- b. f(x) = 2"-‘ 

£-1 


Solution 


a. Step 1: Sketch the graph of fix) — (—) s 


Step 2: Reflect the graph in the y -axis to obtain the graph of £f(x) = (—) * = /(-x). 

2 


Step 3: Reflect this new graph in the x-axis to obtain the graph of h(x) = -(—)"* = -g(x). 


Step 4: Shift this graph three units upward, because 

result is the graph of f(x) = 3-(—)*. 

2 


y = -(-)- + 3 = ft(x) + 3. The 

2 
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So/(jt) = 3 - 


(—)~* has domain M, range (- 
2 


3) and asymptote ij — 3. 


cc ccc 

For g(x) - T*, 
g(x + 2) = 2" tI + - :, :£2"- T . 


b. 


We first sketch die graph of f(x) = 2 X and reflect It In the ij -axis to obtain g(x) - 2~ x - f(-x ). 
We then need to determine which value to use in f(x) to obtain 2 She . We can use 
y - g(x - 2) = 2 _( * _SJ = 2 2 "“. So we need to apply a horizontal shift with p - 2 to the graph 
of gix), i.e. we shift the graph ofg(x) two units to die right. 


domain : IK 
range : (0, oo) 
asymptote : y = 0 



EXAMPLE 


20 


Sketch the giaph of each function and determine its domain, range and asymptote. 

1 , , i* 

a - /M = b. y = 2 3 


Solution 



a. We first sketch the graph of f(x) = e x , and then shrink it vertically bv a factor of 


because y - —e z - — ■ /( x) where c- —. Since (0, 1) and (1, e ) are two points on y - e x 
3 3 3 

1 € 1 

the points (0, —) and (1 T —) will be on y = —e*. 

3 3 3 

So die function has domain E, range and asymptote y = 0. 


b. We sketch the graph of/(v) = 2 s and 
apply a horizontal stretch with a 
1 1 

factor of — = — = 3 after identifying 
d 1 
3 

- 1 1 

y - 2 2 - f(-x) and d — -. 

3 3 

In other words, each point (a\ ij) on 
f(x ) - 2* will move to (3 a\ y). 



So the function has domain E, range R + and asymptote y - 0. 
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EXAMPLE 


21 Sketch the graph of each function and determine its domain, range and asymptote 
a . y = 3-^ b. y = ab¬ 

solution a. We sketch the graph off(x) = 3* and 
write g(x) - 3^ -f(2x). We determine 
d - 2 and shrink the graph of f(x) by 


a factor of — = —. Since 
d 2 


3 * = *(*+-), 

z 



we shift the graph of g(x) — units to the left. So the function has domain IK, range (0 t co) 

2 

and asymptote y — 0. 

b. Starting with tile graph of f(x) — 2* we follow the steps: 

Step 1: Shrink the graph horizontally bv a factor of — to obtain the graph of 

2 

g(x) = 2 2r =/(2 ■ x). 

d 

Step 2: Reflect this graph in the y -axis to obtain the graph of h(x) = 2“^ = g(-x). 



As we can see, applying step-by-step transformations to the basic exponential function/(x) = a* 
to graph a function y = c ■ a d{x + p) + k is straightforward but it can take a long time. As an 
alternative approach, we can use a more basic procedure, as follows: 


The two points (0, 1) and (I, a) on the graph of f(x) = a* will shift to (-p, c + k) and 

(—— p f c a + k ) respectively for y — c ■ a dix + p) -t k. By plotting these two points and drawing 
d 

the horizontal asymptote at y - h t we can obtain a rough graph of y - c ■ a dix +p) + k. We can 
also use the following table: 
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EXAMPLE 


Graphs of functions of the form y - c ■ +- k 

c d a > l 0 < a < 1 

Dom aln 

Range 

-1- 

+ 

_ tf — It 

if — h 

E 

(k, «=) 



+ 

- 

- 1 ] = k 

?J* = ft 

E 

(If, ») 



- 

+ 

n = k 

■i p — 

E 

(-“> 

__ ^ 


- 

- 

y = k 

——————y = k 

E 

fc) 


Sketch each graph. 

a. y = -3 ■ 2 1 +1 + 2 b. y = 2 3 ~* - 1 


Solution a. By comparing the equation with the general form y = c ■ a i,x * pi + k, we identify' c = -3, 
d = 1, p = 1 and k = 2. So the three points (^, y), (0, 1) and (1, 2) on the graph of 
f(x) = 2* will move as follows: 

Kx) = T 1 / = -3 ■ 2* +1 + 2 


(*, y) 
( 0 , 1 ) 
( 1 . 2 ) 


( -~P . c-y+k) 
(1 


(y-1. — 31+2) = (-1, -1) 


(j-1, -3-2 + 2) = (0, -4). 



We plot die points (-1, -1) and (0 T -4), draw the horizontal asvmptote y - k = 2 and dien 
sketch the graph. 


b. By rewriting the given equation as y = 2 3 ^ - 1 = 2 
3 


- -X we identify c — 1, d — -2, 
T and If = -1. So the points (0, 1) and (l t 2) on f(x) = 2* will 


move as follows: 


fix) 

V 

( 0 , 1 ) 

+ ( 1 , 0 ) 
v 2 

( 1 , 2 ) 

( 1 , 1 ). 





Using ij - -1 as the horizontal asvmptote, we plot the points and sketch the graph. 
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APPUCA* y ’fO'Nfo yp 
^XPQ^kiTEAL PIJ^CTGGNG 

Exponential functions have many applications in the real world. Many of these applications 
are in physics, biology, electronic engineering, computer technology and economics. 
Exponential functions are also sometimes used in the social sciences: for example, the pop¬ 
ularity of advertisements or fashions often decreases exponentially. 

Any situation in which the rate of change of a quantity is proportional to the amount present 
can be modeled by an exponential function. Earlier in this book, we considered the example 
of a virus spreading through die population of your city. The rate at which the virus spreads 
is proportional to the number of people infected at a particular time. We can therefore model 
die spread of the virus with an exponential equation. 

We have also seen that exponential functions are either increasing or decreasing. Real-life 
situations which can be modeled by increasing exponential functions are examples of 
exponential growth, while situations which can be modeled by decreasing exponential 
functions are examples of exponential decay. 

Both exponential growth and decay can be modeled by an exponential function of the form 
P = P 0 ■ a*. 

The value P ft represents the initial quantity that is growing or decaying. This could be an 
initial number of bacteria, the population of a city at a given time, or the original value of an 
investment. 

a is the constant number and the base. It represents the rate of change. When a > 1 there is 
exponential growth, and when 0 < a < 1 there is exponential decay. In situations where the 
growth or decay rate is given as a percentage, we can calculate a as follows: 

1. for exponential growth, add the per cent increase to 100% and change the resulting 
percentage into a decimal. 

2. for exponential decay, subtract the per cent decrease from 100% and change the resulting 
percentage into a decimal. 

f is the time interval over which the growth or decay happens, in a given unit (days, years, 
decades, etc.). 




A. EXPONENTIAL GROWTH 

Exponential growth occurs when a quantity grows bv a constant percentage in each fixed 
period of time. This means that the larger the quantity gets, the faster it grows. Population 
growth, the spread of a virus and the growth in the number of cells m a bacterial colony are 
all examples of exponential growth. 

Logarithms 




Here is a famous storv which is based on exponential growth and which shows how its 
surprising characteristics have fascinated people through die ages. 


The Legend ®f the (grain Q>f Rjce 

There was once a clever courtier who presented 
a beautiful chess set to his king. In return, he 
asked only that the king place a grain of rice on 
the first square of the chessboard, and then 
double the number of grains he placed on each 
subsequent square, hi other words, the king 
had to place one grain of rice on the first 
square, two grains on the second square, four 
grains on the third square and so on. 

Since a chessboard has only 64 squares, this 
seemed to the king to be a modest request, so 
he called for his servants to bring the rice. 

When the king s men started filling the squares with rice grains, die fun started. Though 
the eighth square needed only 128 grains, the 22nd square needed roughlv 2 million rice 
grams. The 23rd square needed four million rice grains; the 24th 8 million. And there 
were still forty squares to go, with the last square needing 9,223,372,036,854,775,808 
(roughly 9 million trillion) rice grains! In total, the king should have placed 
18,446,744,073,709,551,615 grains on the board (adding up all the squares), which 
would be 549,755,830,887 tons of rice. 

Obviously the king could not keep his promise. Long before he reached the 64th square, 
every grain of rice in the kingdom had been used. Even today, the total world rice 
production would not be enough to meet the amount needed for the final square of the 
chessboard: the required amount would cover the entire surface of the Earth with rice 
fields two times over, oceans included. If one grain were counted out every second, it 
would take 58 4 billion years (i.e. nearly 130 times the age of the Earth) to count them all. 



Square number (n) 

1 

2 

3 

4 

5 

n 

64 

Number of grains 

1 

2 

4 

8 

16 



Formula 

2 ° 

2 1 

2 " 

2 3 

2 4 

2"' 1 

2*3 


Obviously the king in the story had not studied mathematics, as he did not understand 
exponential growth. The secret to understanding the arithmetic is that the rate of growth 
(doubling for each square) applies to an ever-in creasing amount of rice, so the number of 
grains added at each step goes up, even though the rate of growth is constant. 
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EXAMPLE 


23 If the world population was 6.5 billion people in 
2005 and if the population continues to grow 
by 1.5% annually what will the approximate 
population be in 2010? 

Solution We begin by identifying the values of P 0 , a and 
t in the problem. 

P 0 is the initial quantity. It corresponds to the 
population of the world in the year 2005: 6.5 
billion. 



Since the world population grows by a constant percentage (1.5%), we add 1.5% to 100% to 
obtain 101.5% and then convert 101.5% into decimal number. As a result, a is 1.015. 

Since 2010 is five years after 2005, Ms 5. 

Substituting the values into the formula, we obtain 

P = P & ■ a f = 6.5 ■ (1.015) S <^P = 6.5 ■ 1.077 P - 7.005. 

So the world population in 2010 will be approximately 7 billion. 


EXAMPLE 


24 


A colony of bacteria consists of 1000 bacteria. If the bacteria population triples every 30 
minutes, what will the population be after 2 hours? 


Solution 


Again we use P = P, } ■ a*. 

P 0 is the initial number of bacteria in the colony 
( 1000 ). 

Since the population triples for each period, we take 
the rate of growth, a, as 3. 

To find f, we first convert two hours into minutes: 

2 -60 = 120 minutes 

and divide this by 30 to identify the number of 
periods: 



120 „ 

t =-=4. 

30 

Now we substitute the values into the formula: 


P = 1000 ■ 3 4 = 8 1 0 00. 


So after two hours there will be 81000 bacteria in the colony. 
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B. EXPONENTIAL DECAY 

Exponential decay occurs when a quantity decreases by a constant percentage in each fixed 
period of time. The decay of radioactive substances is an example of exponential decay. 

All radioactive substances have a specific half-life, which is the time required for half of the 
particular substance to decay. For example, if we have ID00 grams of a substance with a 
half-life of 10 years, we can express the amount of the substance remaining after a given 
number of years as follows: 


Archaeologists use a method called 
radiocarbon dating (also called carbon-14 
dating) to find out how old archaeological 
discoveries are. Radiocarbon dating relies 
on the exponential decay of radioactive 
carbon-14 atoms In non-living things. 

The carbon dioxide in the Earth's 
atmosphere always contains a fixed 
percentage of carbon-14 atoms. Plants 
absorb this carbon-14 with the carbon 
dioxidej and pass it on to other living 
creatures through the food chain. As a 
result, the ratio of normal carbon 
(carbon-12) to radiocarbon (carbon-14) 
in the atmosphere and in all living 
organisms is the same. 

When an organism dies, the amount 
of carbon-12 it contains remains the 
same, but the carbon-14 decays 
exponentially with a half-life of about 
5730 years. Scientists can therefore use 
the ratio of carbon-12 to carbon-14 in a 
non-living organism to find out how long 
ago it died. 


Number of years 

Amount of substance remaining 

10 

1000 - 
2 

20 

looo-T.i = iooo-(P) s 

2 2 2 

30 

iooo ■(!)"--1=1000 -(l) a 

2 2 2 

t 

1 — 

1000 (-) 10 = 1000 -2 10 

2 


More generally, we can say that the function N(t ) = N 0 -2 h expresses 
the amount of a radioactive substance which remains after t years where 
h is the half-life (measured in the same unit as t) and N 0 is the original 
amount of the substance. 


EXAMPLE 


25 


An isotope of the synthetic element Californium has a half-life of approximately 4b minutes. 
How long would it take for a sample of Californium to decay to 25% of its original mass? 


Solution Let JV 0 be the original mass of the sample and let t be the desired time (in minutes). 
25% of JV 0 means 0.25 ■ N Using this value in the formula above gives us 

1 t 

0.25 1V 0 = N 0 ■ 2 45 <^—=2 <=>2" s = 2 45 <^-2=- = 90. 

0 0 4 45 

So it would take approximately 90 minutes for the sample to decay. 
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C. COMPOUND INTEREST 

Compound interest is important to anyone with money in a bank account which earns 
interest. It is also important in many financial calculations. 

If an amount of money P, called the principal, is invested at an annual interest rate r 
(expressed as a decimal) compounded n times a year, then the amount A in the account at 
the end of t years is given by 


This formula is often referred to as the compound interest formula. 


A = P-(!+-)”' 
n 


cc ccc 

If interest is cooiftpflimdEd 
its amount is based on an 
initial investment plus 
any previous interest. 

If interest is compounded 

* MHQUalfy then n — 1, 

* quarterly then n = 4, 

* monthly then n = 12 
in the compound interest 
formula. 


EXAMPLE 


26 


You deposit $2DO m a bank that pays 7% interest compounded quarterly. 
Find the amount in the account after 3 years, rounded to the nearest dollar. 



Solution After identifying P = 
formula as follows: 


7 

200, r - 7% =-, n = 4 and t - 3, we apply the compound interest 

100 

A = P(1 + -)' 1 = 200(1 + hUZ.) 43 = 200(1 +0.0175) 12 
n 4 

- 200(1.0175) ia - 200 -1.23144 - 246.288. 

Thus, after 3 years there will be approximately $246 in the account. 


EXAMPLE 


27 


Solution Applying the compound interest formula with 
r - 9% =0.09, n = 12, t — 5 and P - $1000, we find 
that the amount after five years is 

A = 1000(1+ 5 = 1000(1.0075) 60 =$1565.68. 
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$1000 is invested in an account with an interest rate 
new principal after 5 years. 


of 9% compounded monthly. Find the 















Remark 


If the interest is compounded, continuously, tJie compound interest formula becomes 

A = P ■ e~ rt . 


Check Yourself 5 

1 The population of a small town grows by 5% each year. The population is now 4570. What 
will the population be in 10 years’ time? 

2 The number of bacteria in a certain colony doubles every 20 minutes. If the colony starts 
with a population of 800, how many bacteria will be present after 5 hours? 

3 The half-life of radium is approximately 1600 years. How much of a 200-gram sample will 
be left after 100 years? 

4 $2500 is invested at an interest rate of 15% compounded monthly. Find the new principal 
after 10 years. 


Answers 




1 7444 

2. 100 ■ 2 U 

3. approximately 192 g 

4. $11,101 
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EXERCISES 1.4 


A. Exponential Growth 

1, The number of bacteria in a growing colony is 
given bv the function N(t) — 50 ■ 2\ where t is the 
time in hours. 

a. How many bacteria were there initially? 

b. How many bacteria will there be after 30 
minutes? 

c. How many bacteria will there be after 3 hours? 


2, The population of a certain city was 450 000 in 
the vear 2000 and is increasing with a relative 
growth rate of 8% per year. 

a. Estimate the population m 2008. 

b. Estimate the population in 2015. 


3* A bacteria population doubles every ten minutes. 
If the population begins with one cell, how long 
will it take to grow to 1024 cells? 


B. Exponential Decay 

5, Anew computer costs $1000. It is estimated that 
each year it will lose 9% of the previous year's 
value. Find the value of the machine after 

a. the first year. 

b. 2 years. 

c. 12 years. 

6, The half-fife of a radioactive substance is 153 
days. How many days will it take for 03.75% of a 
sample of the substance to decay? 

7, The half-life of tritium is 12.4 years. How long 
will it take for 75% of a sample of tritium to 

decay? 

8, An isotope of thorium, ^ 7 Th f has a half-life of 18.4 
days. How long will it take for 87.5% of the 
sample to decay? 

C. Compound Interest 

9, $1000 is invested with an interest rate of 10%, 
compounded monthly. Find the value of die 
investment after 

a. 2 years. b. 4 years. c. 6 years. 


4, The number of bacteria in a colony is initially 39 
and grows to 156 in 1 hour and 19 minutes. How 
many bacteria will be present 9 hours and 13 
minutes after the initial measurement? 



10. Find the principal required to obtain $600 interest 
after 2 years at 12% interest, compounded 
quarterly. 
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CHAPTER 1 SUMMARY 


1. Exponents 

* In the exponential expression a F , a is called the base and 
p is called the exponent. We read this expression as 'the 
pth power of a ' or 'p to the power a '. We can also read a~ 
as 'a squared' and a 3 as r a cubed'. 

* For n e N and a e R, a" = a ■ a ■ a ■ ... ■ a 

n times 

* a 1 = a, a 0 = 1 where a * 0 

* 0° is undefined. 


* a 71 = — where a e R, a ^ 0 and n e n 

a" 

* Laws of Exponents 



3 (a-)" = 

4 {a-b) m = a m -b m 



* Let a and b be real numbers, and let re be an integer 
gteater than or e qual to 2. Then an ?zth root of a is a number 
which, when raised to the power n f is equal to a In other 
words, b is an ?ith root of a if and only if h* = a 

* The principal nth root ija identifies 

the positive root of a when n is even and a is positive. 

b the unique root which has the same sign as a when n is 
odd. 

When n is even and a is negative, the principal nth root 
of a is undefine d in the set of real numbers. 

* Properties ©£ 71 th Roots 

l aJcTb = aja ■ njb 



ffia = m !ja 


1 



* If b = a* then b n = a. 


2. Exponential Fimcfens 

* A function of the form f(x) = a x for a>0 and a * 0 is 
called a basic exponential function. 

* Basic exponential functions have a graph similar to one 
of the following. 




* Properties of the Basic Exponential Function j\'x) = a* 

I The domain is the set of real numbers. 

1 The range is the set of positive real numbers. 

: The x-axis (y = 0) is a horizontal asymptote. 

There is no x-intercept 
b The ^-intercept is (0, 1). 

(0, 1) and (1, a) are two points on /(x) = a* 

The function is strictly increasing when a > 1 and 
strictly decreasing when 0 < a < 1 

The function is bijective, and therefore has an inverse 
(known as a logarithmic function). 


3. Simple Variations of Exponential Functions 

• A function of the form f(x) = c ■ a il * +rl + k where a, c,d, 
p and h are real numbers with a > 0 and a * 1 is called 
an exponential function with base a 

• The graph of an exponential function can be obtained by 
transforming the graph of a basic exponential function a* 

• For a function of the form f(x) = c ■ a d(I+PJ T /?, 

■ h represents a vertical shift, 

- p repre sents a horizontal shift, 

■ c represents a vertical stretch or shrink, 

• d represents a horizontal stretch or shrink 

of the graph of the basic exponential function y = a x . 

• Any point (x, y) on y = a* moves to 


— — — i— 

* ^ =..Cfl-r^co’ = ^ 

Exponent* and Exponential Functions 


(—-p, c y+h ) for /(x) = c ■ a dix+p) + k 
















Concept Check 


* Properties ©f the General Exponential Function 
f(x ) = c ■ a dlc +F) + ft 

1 The domain is R. 

- y = ft is a horizontal asymptote of the graph. 

3 (-p , c + ft) and (—+ are two points on the 
graph. 

* The following table shows how the values of c and d affect 
the behavior of fix) = c ■ a d ‘ x+p) + ft. 


c 

d 

a > 1 

0 < a < 1 

+ 

+ 

^ = jt 

. jt s k 


y - ^ 

+ 

- 

^ ^ .T y ~ it 

. y = k 



- 


.... It — t 

..... II —. jt 

if K 

if 

- 

- 

.if = & 

.if = k 


4. Applications of Exponential Functions 

* Any real-life situation in which the rate of change of a 
quantity is proportional to the amount present can be 
modeled by an exponential function. 

* Real-life situations which can be modeled by increasing 
exponential functions are examples of exponential 
growth, while situations which can be modeled by 
decreasing exponential functions are examples of 
exponential decay. 

* Population growth is an example of exponential growth. 
The decay of a radioactive substance is an example of 
exponential decay 

* Both exponential growth and decay can be modeled by an 
exponential function of the form 

P = P 0 ■ a 1 

* When a > 1, there is exponential growth, and when 0 < a < 1 
there is exponential decay. 

* Compound interest: If an amount of money P (called the 
principal) is invested at an interest rate r (expresse d as a 
decimal) compounded n times a year then the amount A 
in the account at the end of t years is given by 

A = P ■ (1 + 

71 
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I What is an exponential expression? 

What is the difference between a power and an exponent? 

What happens if the base of an exponential expression is 
equal to 1? 

- Give an example of an exponential expression which is 
not a real number 

How can we calculate an irrational power of a real 
number? 

Are fix) = x n and g(x) = x x exponential functions? 

How does the base a affect the graph of a basic exponential 
function? 

S What is an asymptote? 

Basic exponential functions are monotone. Explain what 
this me ans. 

If When does a basic exponential function have negative 
value s? 

II When does a basic exponential function have values 
greater than 1? 

T1 What is the relation between basic exponential functions 
(f(x) = a*) and general exponential functions 

(fix) = c -a dix+F > Ah)? 

T. What are the common properties of basic exponential 
functions? What are the properties of general exponential 
functions? 

14 How does the value of c affect the behavior of the 
exponential function fix) - c ■ a d(x + ft? Explain the 
effect of the other constants 

It To which point will (x^ y Q ) on f(x) = a x move for 

y = 2 ■ 

If: When is the growth or decay of a quantity considered to 
be exponential? 

1" Give three examples of situations which can be modeled 
by exponential functions. 
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6, Which statement is false ? 


1, An exponential function is of the form f(x) - a x . 

Given /(3) = —, calculate/(-2). 

8 

A; j B) i C) 2 D) 4 E}8 

2. Simplify (-a) s ■ (-a 4 ) ■ (-a)° ■(—) 10 - 

a 

A) a s B }-a' D C) a 25 Dm 55 E') a 1B 


3, a 1 


2 is given. What is 







4, Which graph is shown in 
the figure opposite? 



A) ij = 5* B) 7/ = T C) ij - 2“ 

D) 7/ = 4^ E) ij — 5~ x 


5, /(x) = 8 ■ 7* is given. Calculate/ : (8). 

A) 56 B) 8 C) 7 D) 1 E) 0 

Chapter Rev teu Twt IA 


A) 

4"® 

+ 

4" 3 + 4~ 3 + 4' 3 

B) 

4"® 

= 

2- n 

C) 

(4- 

V 

II 

D) 

4" 1 

+ 

4" 1 = 2- 1 

E) 

2 ■ 

r 

! = 2' 5 


7. Solve 8 41 

1 


A) 


x ■ 2 IK for * 

1 


8 


B) 


C) 


D) 2 


E) 4 


8, Which of the foil owing is not an exponential 
function for x e K? 

A) f(x) = 2-’ B) /(x) = 3-"-* C) f(x) = -T® 
D)/(x) = (-2)* E)/(x) = ll" 1 ' 4 


9. Calculate 

2 9 ■ 5 7 




10 e 




A) 400 

B) 40 

C) 4 

D) 0.4 

E) 0.04 


10, Which of the following is equivalent to 

■sld + 2^6 ? 

A) 7 + 76 B) 73 + 72 C) 1 + 76 

D) 73 + 1 E) 72 + 2 

V/ 



















11, Which of the following is greater than 1? 

B) (0.3)’ a 


A) (-f 

n 


10 

O ( T ) 


D ) (- 1 )‘ 

4 


e > 


12. Calculate 

A) 2 


4-yi2~ 
V7-4^ 

B) 5 C) 7 


>103 o10? 


13, Calculate 


A) 


B) 


C) 


14. What is half of 4-°? 


A) 2 10 B) 4 10 C) 2 10 


15. Evaluate 


9° 


D) 4 


D) 


12 5^ 3 9“° 1 

A) 25.01 E) 23 C) 25.9 D) 28 E) 34 


E) 6 


E) 3 


D ) 2 39 E) 4 i9 


o rj?fr-l j? rj? ra—3 

16, -— -= 2 n is given. Find n. 


3 ■ 2 3 * +1 

A) 1 E) -2 C) 2 


D) 3 


E) -3 


17. How many digits are there in the number 

5 10 . 4 4 . g 3 ? 

A) 10 B) 11 C) 12 D) 13 E) 14 


18, Evaluate 5)~ + ^(-5)° + 

A) 272 E) 0 C) 272 - 10 D) 10 E) -10 


119. Which statement is not necessarily true for tile 
exponential function f(x) — a ? 

A) f(x) is injective E) f(x) is bijective 

C) f(x) is increasing D) f(x) is suijective 

E) f(x) is positive 


20, Given that a = el—— , which of the following is an 

1V2 


integer? 


A) a b 


E) a~ 


C) a 3 


D) a A 


E) a* 











L What is half of 4' 18 ? 


A) 2~ w B) 2-“ C) 2~ 37 D) 2~ lfl E) 2" 


2, Evaluate 


x* -if 


for x, y e K. 


A) (*J‘ B) (*)- C> -(*)' D) -51 E) -1L 
y y y y* x* 


_|_ 0 it 

6. Given 5 fl - 3* = evaluate -- ni terms 


of k. 


A) k % B) k 


50* -18* 


D > i? 


E) 


7. Which statement is false? 


A) 4 1 * + 4 IB = 2 31 E) 2 15 ■ 2 ib 


C) 2 1 * + 2 1 


E) 4 1 


D) 2 > D 

2 45 


3, A = 3 T - 3" 1 and B = 3* + 3"* are given. Which 
of the following sliows the relation between A and B ? 

A) A- - B~ = 4 B) A- - B = 2 

C) A ■ B = 4 D)B- - A- = 4 

E) A- + B- = 4 


8, Given ll 443 = a, write 
of a.. 


11 “ + 11“-122 
11 443 -1 


in terms 


A) 122g E) 122<r 

D) 122 (a + 1) 


C) 122(o - 1) 
E) a . + 1 


4. Evaluate 


3 a “ 4j -(2-3““- 1 ) + (2 .3 = “) 
(2 ■ 9 s ) + (4 ■ 9 I_1 ) -3”* 


A) 5 B) 4 C) 3 D) 2 


E) 1 


9, Evaluate 


2 + 2+2 
2 9 - + 2* 1 + 2 a 


A) 


B) 


C) 4 


D) 8 


E) 16 


27 3 

5, Evaluate — r - 10". 
16 3 


A) 45 B) 75 C) 100 D) 225 E) 450 


10, If x ■ y ■ z ^ 0, which of the following cannot be 
zero? 


A) x~ + y~ + z B) jr - y 4 + z 6 

C) x + y + z D) (x + y + zf 

E) + (ij + zf 



Chapin Ret'uu T^t J E 


















II, Evaluate 
A) 100 


0.05 10 B + 3000 
0.005 10 4 -0.01 10 3 ' 

E) 200 G) 400 D) 2000 


E 4000 


1©, How many consecutive zeros are there at the end 
of (75 ■ 12 ■ 5 ■ 8 ■ 40) 4 ? 

A) 13 E) 14 C) 15 D) 16 E) 17 


12. a = 8 100 f h = 24 3 40 and c = (0.008)- 50 are given. 
Which statement is true? 

A) c < a < b E) c < b < a 

C) a < h < c D ) a < c < h 

E) b < c < a 


17, Which function has the 
graph shown opposite? 



A) f(x) = 3* - 2 


B) f(x) = 2* 3 


C) f(x) = 3 s - 5 D)/(a) = 3 s - 3 


E )m = 3*“ 1 


13, Evaluate-I-+ ^^-. 

7 m ~- _ i 7 --™ _ i 

A) 1 E) T C) 7 m - 1 D) 7" E) —1 


18, 


tfF-S 2^" 

V32-" 9 ^/t28" 


is given. Find n. 


A) -3 E) 5 C) 7 D) -4 


E) 6 


14. (0.08 ■ 0.2) = (a + 0.6) ■ 10* is given where 
a t b e Z. What is a possible value of a + b? 

A) -3 B) -2 C) -1 D) 1 E) 2 


19, Evaluate 


(i/S-l) (1+ -=+ 

V5 


—) 
5 ^ 


A) 3 E) 4 C) 5 D) 6 


E) 7 


15, Simplify (—)‘" s ■ (—)*"*. 

a y A 

A) a y E) a C) a? D) 1 

'W' 


20, Evaluate 


^ 28 ~-^L 6 ~ 

ifEo-Zjw' 


A) - B) - C) 1 

5 3 



E) 


5 

2 


E> a*-* 




































Consider the relation a * = N. Imagine that we are ashed to find one of the three numbers a r 
x or N given the other two numbers. Three examples of this are shown below. 


Case 

Solution 

Method 

2 5 = p 

32 

raise 2 to the 5th power 

p 3 = 27 

3 

take the 3rd root of 27 

3 p = 5 

? 

? 


We can see that we cannot solve the last example with the algebra we have studied so far. We 
need to introduce a new concept: a logarithm. 


A. BASIC CONCEPT 


The logarithm of a number N to a base a is the power to which a must be raised in order to 
obtain N. We write this as log fl N. hi other words, 

a 1 *** 1 * = N where a* = N and x = log AT. 

This equation is called the fundamental identity of logarithms. In tills equation, the base of 
the logarithm (a) is always positive and different from 1, and the number whose logarithm is 
taken (N) is positive, hi other words, negative numbers &nd zero do not have logarithms. 


Definition 


logarithm, axgumentbase exponential form, logarithmic form 

For a > 0, a t 1 and x > 0, the real number y which is defined bv 
y = log fl x «=> a* — x 

is called the logarithm of x to the base a. In this notation, x is called the argument of the 
logarithm. 

We sav that the equation - x is in exponential form and logx - y is the same equation 
in logarithmic form. 


EXAMPLE 


i 


Write the equalities in logarithmic form. 


a. 2 3 = 8 b. 5° = 1 


c. 


1 _ 

9 


Solution Bv the definition of a logarithm, a* = x <=* y = log^ x. Therefore, 
a. 2 3 = 8 ^ 3 = log, 8. b. 5° = 1 <=> 0 = log- 1. c. 3~~ 


<^-2 
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EXAMPLE 


yi Write the equalities in exponential form. 

1 


a. log 10 100 = 2 b. log; 


27 


c. log; 1 = 0 


Solution Again we use the definition log a x = y <=> x = a 3 


a. log 10 100 = 2 100 = 10- 

c. log; 1 = 0 1 = 2° 


b. log 3 


27 


-3 


27 


EXAMPLE 


Solve each equation for x. 
a. log,. 27 = 3 b. log 4 x: 


1 


c. log 4 16 = x 


Solution a. log i 27= 3 « x 3 = 21 x= 3 

c. log 4 16 = x <=> 4* = 16 <=> 4 1 = 4" <=> x= 2 


b. log 4 x= — ^>4- = x <=> x = 2 
z 


EXAMPLE 


^ Calculate the logarithms. 


a. lo& 4 


b. log. 


9 


c. log; (log; 9) 


Solution a. Let log;4 = y. 

Then log; 4 = y <=> T = 4 «■ 2 s = 2 s « y = 2, so log;4 = 2. 

1 


cc ccc 

Re member’ 
a* = a- <=> x = y 
by the bljective property 
of exponential functions. 


b. Similarly, log 3 — - y 3* = — <=> 3 s = 3 Q y - -2 


9 


9 


c. Letlog 3 9 = m. Then 3 m - 9 <=> 3 m = 3" <=> m = 2. So we need to calculate log. 2. Starting 
with log. 2 - n t we get 2" - 2 which gives us n = 1. Thus, logn(Log 3 9) - 1. 


EXAMPLE 


|r ( Calculate the logarithms. 


a. log 3 


b. log, l/si 


c. log a ija^a d. log, (log, (log; 81)) 


•olution a. By the definition of a logarithm, we can write log 3 1= j/<=>3* = i<=>3* = 3 1 op-1. 


So log. 


_ 1 1 L 1 4 

b. log, m = y ^ (-Y = (81) 3 «3-’ = (3V o3' s = 3 3 <^y= — 


V 
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c. 


log, : 


y a* 


(aja) 


<=> a 3 = (a ■) 3 oa* 


3 1 




a- 


So log c 


%fa~Ja 


£ 

2 "' 


d. Starting from the innermost logarithm, we have 
log* 81 = x <=> 9* = 81 9" = 9- x = 2. 

So we have to calculate log* (log* 2), and log* 2 - ij - 2 ij — 1. 

So the given expression becomes log* l t which is equal to zero: 

log* 1 = z £=> 3 = 1 ^=> z = 0. In conclusion, log*(log*(log* 81)) = 0. 


Notice dial in these examples we were able to find die desired logarithm by writing die argument 
as a rational power of the base. This is not always possible, however: many logarithms (for 
example: log* 3 and log* 5) are irrational, and cannot be calculated in this wav. 


EXAMPLE 


6 


Evaluate the expressions. 


a. 2 lai '- i 


b. 25^ 3 


c. 


3 3 ^ 2 


Solution a. By the fundamental identity of logarithms, a^ N -N and so 2 laSn -* will be equal to 8. 
However, let us try to evaluate the expression in a different wav: 

Let log* 8 = t. Then we have to calculate 2 f . 

By definition we have log* 8 = t <=^ 2 f = 8. So 2 la * n - i = 8. 

b. Let log- 3 = f. Then we have to calculate 25'. By definition, log- 3 = t « 5' - 3. So 
25' = (5 ~Y = (5*) s = (3)- = 9, i.e. 25 los = 3 = 9. 

c. In a similar way, let log* 2 - t and let us calculate S 3 '. By definition, log* 2 = t «=> 3' = 2 t 
i.e. 3 3f = (3*) 3 = 2 3 = 8. So 2 3 ^ s = 8. 


CC QQQ 



Check Yourself 1 

1 Write the equalities in logarithmic form. 

a. 2 4 = 16 b. 10 3 = 1000 c. 3° = 1 d. 125 3 =5 e. 3^= —- f. (2 J2)' 3 = - 

27 2 

2 Write the equalities in exponential form, 

a. log 10 0.01 = -2 b. log L =4 

s-16 

d. log, L= _4 e. log„ 32 = 5 

3 81 

Logarithms 


c. log I0 10000 = 4 
f. log! 125=-3 








3 State whether each statement is true or false. 


a. log 3 729 = 6 


b. logj W- 


c - log. 


10-sfIo 


d - log. 


1 


e. log a *Ja-\ja*Ja = — (a> 0, a * l) 
8 


’ ajr 3 2 

4 . Determine the logarithms of each set of numbers to the given base. 


a. 27, 1, -L MT 4= to base 3 
9 Uz 


5. Solve for x. 

a. log^ 4=2 b log 4 x — - 

6. Calculate the logarithms. 

a. log-25 b. log 6 1296 


b, 2 f 4, l t —, —, —, 32, -64 to base — 
2 4 32 2 


c. log^ B 125 = x 


c. log. 


d. log 3 (log„ (log; 256)) 


7 . Evaluate the expressions. 

a. S’ 10 ^ b. (2 1 °‘= 5 ) s c. 25 -1 ° 8i 10 d. 49 ^* e. 2 a ° s = i+1 ° t - : 

Answers 


i, i 

r l°S7 ' 


log, 16 = 4 


b. log 10 1000 = 3 

c. 

logj 1 = 0 

ios » 5 =i 


e. log 3 l=-3 

f. 

l0 £ ; ^=- 

10-- = 0.01 


b. (i)-J- 
2 16 

c. 

10 4 = 100 00 

3-1 

81 


e. 2° = 32 

f. 

(i)^ =125 

5 

true b. true 


c. true d false 

e. 

true 

1 2 

3, 0, -2,--, 

7 

4 

b. -1, -2, 0, 1, 2, 5, -5, 

undefined 



5. a. 2 


6. a. 2 


7. a. 


b. 4 


b. 25 


2 

1 

Too 


d 1 


e. 75 
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B. TYPES OF LOGARITHM 

1. Common Logarithms 

Oui counting system is based on the number ID. For tins reason, a lot of logarithmic work 
uses the base 10. Logarithms to the base 10 are called common logarithms. We often write 
log x or lg x to mean log I0 x. hi this module, we will use log x to mean log I0 x. 

Common logarithms are widely used in computation. Mathematicians have compiled 
extensive and highly accurate tables of common logarithms for use in these calculations. 
These tables and their use will be discussed later in this module. 

2. Natural Logarithms 

Logarithms to the base e are called natural logarithms or Euler logarithms. We often write 
In x to mean the natural logarithm log e x. 

Natural logarithms are widely used in mathematical analysis in the study of limits, derivatives 
and integrals. 


Q-Q-Q-Q-Q 

e = 2.71828.,. 


C. PROPERTIES OF LOGARITHMS 


Property i 


If the argument and the base of a logarithm are equal, die logarithm is equal to 1. Conversely 
if the logarithm is 1 then the argument and the base are equal: 


a - b £=>10^ b = 1 


(a > 0 t a * 1). 


Bv the fundamental identity of logarithms we have a lu *- N - N. Setting N - a gives us 
= a = a\ which gives uslog fl a - 1. 

For example, log 3 3 — 1, log 10 = 1 T In e — 1 and log I — = 1. 


Property 2 


The logarithm of 1 to any base is zero: 

log, 1 = 0 


Proof a 108 - 1 = 1 = a°. So a 108 - 1 = a°, which gives us log, 1 = 0. 
For example, log 3 1 = 0, log : 1 = 0 and log^ 1 = 0. 
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Property 3 


The logarithm of the product of two or more positive numbers to a given base is equal to the 
sum of the logarithms of the numbers to that base: 


log.( a- ■ y) = log, x + log, y 


(*, y>0). 


Pi'oof = x ■ y. Substituting a - a 1 "*-* and y - a 10 *-* gives us 

= a 1 **- 1 ■ a l0! - s — 1 + k s, y 

Comparing the exponents of the expressions on both sides gives us the required equation: 

log a (% ■ V) = log a X + log, y. 

For example, 

log 6 = log, (2 ■ 3) = log, 2 + log, 3 = 1+ log, 3 
log 3 30 = log 3 (3 10) = log 3 3 + log 3 10 = 1 + log 3 10 
log 3 30 = log 3 (6 ■ 5) = log 3 6 + log 3 5 
log, 5 + log, 3 - log(5 ■ 3) = log, 15. 

Notice that we can generalize this property as follows: 


Q-Q-Q-Q-Q 

Becarefdll 

i- y") t log.A- + \ogj/ 


log.t*! ■ X„ ■ x 3 


*■*) = log, + log, x„ + ... + log, x h 


(Xj, x„, x 3 


x k > 0). 


For example, we can write 

log;, 30 = log^(2 -3-5) = log; 2 + log„ 3 + log; 5=1 + log; 3 + log; 5. 


EXAMPLE 


7 


Calculate log, 2 + log, 8. 


Solution log, 2 + log, 8 = log, (2 ■ 8) = log,(4 ■ 4) = log, 4 + log, 4 = 1 + 1 = 2 


EXAMPLE 


8 


Calculate log, 3 + log, 5 + log, —. 

“ 15 


Solution log, 3 +log, 5 +log, — = log, (3-5 ■ —) = log, 1 = 0 

15 " 15 
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Property 4 


The logarithm of the power of a positive number is equal to the product of the power and the 
logarithm of the number. 




VTTTT 

= Mi ■ 10g B X 

(m e R, x > 0). 

Be careful! 



(log fl x) m & m ■ log fl x 


x m = After substituting^ = a loa -* on the left side, we get - a wliich gives 

us a m ka ' 1 = Since the bases are the same on both sides, we can conclude 

m ■ log fl x = log a (x m ). 

For example, 

log, 8 = log, (2 3 ) = 3 ■ log,2 = 3 1 = 3 
l0Sa 2i3 =1 ° £3 F =l0S;3C3 " 5) = _5 ' 1oSj3= ~ d ' 1= -5 

^ ^ _ 3 o 

log„ 1/125 = log,, 4^= log„(5 -) = - - log„5. 

Z 


QQQQQ 

(0-)' = a"'" 



Note 

This property gives us the following special cases 

1 


4a. log a 


-n ■ log a x 


4b. log a = — ■ log a x. 


m 


EXAMPLE 


1; Write each sum as a single logarithm, 
a. (2 ■ log 3 a) 4- (3 ■ log 3 b) - log 3 c 


1 3 

b. (- ■ log, a) -i- (3 ■ log, b) -(— log, c) 

z z 


Solution We apply the property log fl (x ffl ) = m ■ log^ x. 


v/ 


a. (2 ■ log, a) + (3 ■ log, b) -log, c = log,(tr) + log 3 (i 3 ) + (-1) ■ log 3 c « 

log 3 (a.-) + log 3 (i 3 ) + log 3 (c _1 ) = log 3 (a- ■ b 1 ■ c" 1 ) = log,(————) 

c 

1 3-3 

b. (-■ log,,a) + (3-logji) -( — -log„ c) = log„ a- + log„i 3 +( -log„c<=> 

2 2 2 

log„ ija + log„ b 2 + log„ c 2 = log 2 i/T+log„fc 3 +log„(-=) <=> 
log„(i/a ■ i 3 ■ -1=) =log s (^A-) 

^lc* ^i(F 
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EXAMPLE 


10 Calculate log, ^2 ■ ^8 ■ Vis '. 


Solution log 


s ^2~"J = W = log, 1/2 ■ ^8 -16 s = log, ^ -^ 3 ■ (2 4 ) 3 " 

= log, 1 J 2 ■ ^2 3+? = log, = log, ^ -(2 T ) r = log, \f 


19 


19 


: log- V2 6 = log„(2- 4 ) = — ■ log„2 

24 '—.—' 24 


Property 5 


The logarithm of the quotient of two positive numbers is equal to the difference between the 

logarithms of the dividend and the divisor to the same base: C C C C C 


log a (-) = log a .r-log a ?/ 
V 



Be eardul! 


log. X 

log.!/ 


* log. * - log. y 


If we substitute x = a. 08 - 1 and y = a *■* on the left side, we obtain 


fl 1 " 8 * 1 loj, log. f —i 

a * <=> a 1 " 8 - 1 - 1 " 8 -^ = a s 


<=> log a (-) = log n .v-log a IJ. 
V 


For example, 


log, — = log, 5 -log, 3 

O 1 

log 5 (0.12) = log,(-^-) = log 5 ( A) = log 5 3 “log 5 (5 ") = log 5 3 - 2 

1UU ZO 


40 


log, 10 4- log, 4 - log, 5 = log, (10 ■ 4) - log, 5 = log, 40 - log, 5 = log, —— log, 8 

O 


Notice that we can combine properties 4 and 5 to write expressions with addition and 
subtraction of logarithms as the logarithm of a single fraction. The addends form the numerator 
of the fraction and the subtrahends form the denominator, for example: 


loga b + log, c - log, d + log, e - log a f = log a ( b \ C 'f) . 


df 


As a numerical example, consider 


iR.fi 

log, 15 - loft 5 + log 3 6 - log 3 2 = log-) = log 3 9 = log 3 (3 s ) = 2 

5-2 


Remember that this property only applies to logarithms with a common base. 
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EXAMPLE 


] ^ Express log 30 and log 3.3 in terms of p given log 3 - p. 


Solution 


Since 30 = 3 ■ 10, we get log 30 = log(3 ■ 10) = log 3-Hog 10 = p- H. 

P i 

Since 3.3 = — , we have log 3.3"= log —= log 10 -log 3 = 1 - p. 

3 3 


EXAMPLE 


12 


Given log 300 = 2.47712, calculate log(0.0027). 


Solution log(0.0027) = lo S(j^r) = log 27 - log 10 4 = log 3 3 - 4 ■ log 10 

= (3-log 3)-4 (1) 

log 300 = log(3 ■ 100) = log 3 + log 10“ = log 3 + 2 ■ log 10 = 2 -i- log 3. So log 3 = log 300 2. 

Using log 300 = 2.47712, we get log 3 = 2.47712 -2 = 0.47712. (2) 

Combining (1) and (2) gives us log(0.0027) = (3 ■ 0.47712) - 4 — - 2.56864. 


c c c c c 

log 10 = log ia 10 = 1 


EXAMPLE 


13 Write each logarithm as a sum or difference of logarithms to base a. 
b 3 c- 


a - log. 


dV 


b - los =Tl— 
(d-e) 


b 3 ■ re¬ 
solution a. log (——-) = log a b 3 + log, c- - log a d 4 - log a e° = 3 log, b + 2 log, c - 4 log, d - 5 log, e 
d -e° 


b. 


We have 


#+C) 
(d - e) 


log, ^/(i + c) 2 -log,(d -e) 3 =log,(i+ c) 5 -31og,(d -e) 

|log,(i + c)-31og,(d-e). 

5 


Notice tliat logarithms cannot be distributed over addition or subtraction, and also that 
logarithms enable us to perform simpler operations (addition and subtraction) instead of 
multiplication and division. This is why logarithms are so useful in computation. 


1. Changing the Base of a Logarithm 

Most of the properties that we have seen so far only apply to logarithms to the same base. 
Now we will consider some hev properties which allow us to deal with logarithms to different 
bases. 


Property 6 


V 56 


Raising the base of a logarithm to a non-zero power is the same as dividing the logarithm bv 
that power: 

log X - -log, X . 

“ Ji 


Logarithms 






















Proof * = a 1 ” 8 - 1 and x = (a") 101 - 1 = a" 10 '- 1 , so a 119 - 1 = a" 10 *- 1 . 

Since the bases are the same, we can equalize the exponents: log a x - n log a „ x. 

Hence log , x — —log x, as required. 
n 

For example, log 4 3 - log., 3 - —log, 3 and log : 9 - log rJ 9 - —-log 3 3" - -2. 

2 t — 1 


EXAMPLE 


14 Write the following expression as a single logarithm to base 3. 
l°Si 7 + 21og e 49 - log ^ 1 


Solution Expressing tiie bases as powers of 3, we get 

log 3 -i 7 + 21og 3 - 49 -log 3 „. 1= ~jlog j 7 + 2-1 -log a 49 - j -log 3 1 « 

2 

-log 3 7 + log a 7" - 21og a 7 _1 = -log a 7 + 21og a 7 + 21og7 = 31og a 7 = log 3 343. 


Note 

As a result of property 6, 


log 


m 

= — ■ log a x 
n 


6b. 


log, x = log,, x* 


Check Yourself 2 

Evaluate die expressions. 

a. 1 q®*1+1q« 1 -E+Iqs,12B+1qs 1 9 b. 8^ 3 c. 729^°"' 4 

6 g 12b 3 

Answers 

a. — b. 729 c. 72 

6 


The following property gives us a another rule for changing the base of a logarithm. 


Property 7 


Let a t h and x be positive numbers such that a ^ 1 and h ± 1. Then 


This formula is called the Change of Base fcrmula 


l0g„ X : 


log** 


log t a 


W 
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Proof 


Let log a .ic = y. By definition, a 9 = jk. 

So* = b los ‘* and a = i lDS ‘ a . 

If we substitute these in a s = jc, we get 

(i kfca ) af = <=> lqs » a — x 

Since the bases are the same oil both sides, we can equalize the exponents: 

l°£i * 


V ■ log a = log x <=>y 


log. a 


Since log x = y, we conclude log a .v : 
For example, 


logj-y 
log t a' 


as required. 


. „ log a 7 log? In7 . „ log-5 

logs7 = r^r = r^r= — * lo £ 3 5_ 


log 3 2 log 2 hi 2 

i K iog.5 log a x 

log o - - -and In x — 


10g ; 10 


Scientific calculators do not have 


log 3 <? 


a log. y I 


log 5 3 log-3 


button but they do have a 


button (for base 


10 logarithms) and an In button (for natural logarithms). To calculate logarithms to a different 


base on a calculator, we therefore use the Change of Base formula. 


Example: Find the value of log,? using a scientific calculator. 
|T] (log 0.84509804 

|7j |T jlog 0.30102999 

0 


2.80735492 



Conclusion 

We can easily derive die following properties from the examples we have studied: 


7a. 


7b. 


log a b 


log t a 


and log b ■ log t a = 1 


for a, b > 0 an d a , b ? 1. 


log a x _ log 6 x 


l°£a V logs 1J 


for a, b, x, y > 0 and a, b * 1. 


EXAMPLE 


15 Evaluate 


4 2 

-f- 


log„12 log 3 12 


Solution 


-+2 


41og I „ 2 + 21og ia 3 




log; 12 logj 12 log; 12 log j 12 

= log,; 2 4 +log 1 ;3 a =log 1 ;(2 4 ■3 a ) = log 1 ;12 a =2. 
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EXAMPLE 


16 Calculate log^ 200 In terms of p iflog 5 2 = p. 


Solution We begin by changing log^200 to base 5: 

1 200= logs 200 _ l 0£ s (8 -25) _ log 58 + log s 25 _ log 5 2 3 + log 5 S" _ 3-log 5 2 + 2 

log 5 20 log 5 (4 -5) log 5 4 + log 5 5 log 5 2 " +1 2-log 5 2 + l' 


Using the substitution log s 2 = p, we obtain log^ 200 = 


3p + 2 

2 p +1 


EXAMPLE 


17 


log a b — c is given. Express each logarithm in terms of c. 


a. log^ ab s b. log aJ ab* 

Solution In each case we use the Change of Base formula. 

a Log ab- = loS ‘- afc ' - lo g a fl+ 1 °g a b " _ l + 21og a l» _ 1+ 2c 
“' b log a a"b log a a' + log a b 21 og a fl + c 2 + c 


b. 


Log a j ab* = 


log a 

1 ° 2 

log„ -pr 
jtr 


log a a+log a 
log a a 3 -log a b" 


l + 41og a b _ 1+ 4c 
31og a a -21og a b 3-2c 


EXAMPLE 


18 


Calculate each logarithm in terms of a t using the relation given. 

a. log 25; a - log 2 b. log^ 18; a - log 3 12 

c. log^ 27; a - log 6 16 


Solution a. log 25 = log 5" - 21 og 5 - 21 og — - 2 (log 10 - log 2 ) = 2(1 - a) - 2 - 2 a 

2 


b. log 3 18 = log 3 (3" ■ 2) = log 3 3” + log 3 2 = 2 + log 3 2. So we need to find log 3 2 bv using 
log 2 12 = a\ 


log 3 12 = log 3 (2~ ■ 3) = log 3 2" + log 3 3 = 21og 2 2 + 1. 
So 21og 3 2 + 1 = a, i.e. log^ 2 = — 

In conclusion we can write log 3 18 = 2 +log 2 2 = 2 + -—-= 
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(1) 


c. logjo 27 : 

log e 16 = 


log; 27 _ log„ 3 3 


31og;3 


31og;3 

log; 12 log a (2 a ■ 3) log; 2" + log ; 3 2+log„3 

log ; 16 _ log;2 4 _ 4 _ 4 

l0g;6 l0g;(3 ■ 2) lOg;3 + l0g;2 l0g;3 + l 


Using the equality log, 16 


log; 3 + 1 

Substituting (2) into fl) gives us log,; 27 


a, we get log; 3 


4 - a 


3(—^—) 

2 + <—) 


12-3H 
fl. + 4 


(2) 


EXAMPLE 


19 Simplify 


\25 lDa ‘ 3 + 49 1 ° a ' 1 


Solution 



^ 25 lf,,e5 + 49 1 ° s ' 7 = + 49 1<1si! = ^- 1<ia = 6 + 7 51 ° s,! = Vs 1 ^ 6 '" +? 10171 = ^ = + 8 " = 10 


EXAMPLE 


20 


Show that log, 3 ■ log, 7 ■ Iog n 13 = log; 13 ■ log 5 3 ■ log,, 7. 


Solution If we use tile Change of Base formula on the left-hand side with any base a 1, we get 

log. 3 ■ log 5 7 ■ log„13 = ^3 . 1^1. ^11= 

log, 2 log. 5 log.11 log. 2 log.5 log.11 

-log; 13 ■ log,3 -log,, 7. 



Check Yourself 3 

1 Evaluate the expressions. 

a. log, 2 ■ log 4 3 ■ log, 4 ■ log, 5 ■ log 7 6 ■ log, 7 


log 3 135 log 3 45 


log 75 3 log„ s 3 

2 , Calculate each logarithm m terms of the variable(s) provided, using die given relation(s). 
a. log 40; log 2 - a b. log 45; log 2 — a and log 3 - h 

c. log 3 5; logg 2 - a and log 6 5 = b d. log IW 40; log, 5 = a 

e log, 7E 60; log : , 5 - a and log 15 11 = f. logg 16; log : , 27 = a 
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3. Prove each statement bv using the properties of logarithms. 


c c c c c 

2006! = 

2006 ■ 20C6 -2004 ■,,, -2-1 


a. Iog ta (an): 


log t a + logi, n 
1 + logj n 


1 1 
-+-+...+ 


log; N log, N log™. N 


b. ^ = l + log> 
: 1 if N= 2006! 


C. log ^ w 


log, n ■ log t h 
log, n + log* n 


Answers 

1. a. I 


b. -3 


2. a. 2a . + 1 b. 1 - a + 2b c. 


1- a 


3 + a 
2{a +1) 


1-i -a 
2 a + h 


4(3 -a) 
3+ a 


Property S 


b l °*- 5 = c K 1 

1 



for a, b, c > 0 and a ± 1. 


Proof 


= ( a K fc )K c = (a log ^ b = because a^- E = c. 


^ ^ — Q Q Q , S° we obtain h lo *- c = c^ b . 

For example, 7 loffl5 = 5 loSl7 and 3 lqs ^ = 2 loa 3 . 

CO" ={a n ) m 



EXAMPLE 


21 Calculate 2 loa ' 5 - 
Solution By property 8 , since 2 1 ” s = 5 = S^ 3 , we have 2 los = 5 - 5 los = 3 = 5 los = 3 - 5 lo, = 3 = 0. 


EXAMPLE 


Calculate (2 1 °‘ 37 ) 1 ^ 5 ■ 8 lDs3 . 


Solution Using 2 1 - 37 = 2 lo ‘ 3l = (2 3 ) 1 ” 13 = 8 1 ”* 3 = 3 laai andlo & 5 = log 3 ^ = log 3 10 -log a 2, 
we can write (2 1 ° !37 ) 1 °^ 5 ■ 8 lc * 3 = (3 losi ) lo ‘= 10 - 1 °*= 3 - 8 las3 

£ y-DS^lO 


c c c c c 


(O nl -(tO" 
3^ 10 =10 
3^- = 2 
IQ** 1 = 6 

glojO _ ^La a 1 


(3 ka1 ) los *- 

Qlo S :1 10 yas £ 

(3 kS:1 " ) ka 




1 

gios n _ o i* 
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EXERCISES 2.1 


A. Basic Concept 

1. Calculate the logarithms. 


. 1 
a - login ^ 

b. 108,1 

c. 

In e 

a. log(a 3 lrc) b. log (%Ja^c) 




8 * Evaluate die expressions. 

d. log ]/s 1 

e. log . ff 2 

f. 

log^rooo 

a. log , 4 4 + logo* 6 

g. log 1 

h log(ln e) 

i. 

hi^ 

b. log 8 + log 25 1 - log 5 

j. logj(9 In e 3 ) 

k. In (log 10 ") 

L 

hi (log 10 ) 

1 1 





c. log 1/2 - + log a 625 + log I/3 81 + log 4S - 

2. Solve each equation for x. 







I_L 

d. log. 1000 - logo 125 

a. 3 1 = 4 

d. V7 = 4 

b. 2 I+1 = 3 

c. 

3 5 = 2 

9 , Calculate each logarithm in terms of die variable(s) 

e. 10‘ = 5 

f. 

lO 1 " 1 = 2 

provided, using the pven relation(s). 

3, Simplify die expressions. 



a. logo 3; log 3 2 - a b. log 25: log 2 - a 

a. e 1111 

b. 10 los3 

c. 

41^7 

c. log 7 21 ; log 3 1 - p d. log 3 18: log 3 12 -a 

d. 5“ loa ^- 

e. 27 lD,1 ' s< 

f. 

( A > ai B)k 8 ^ 

OOe. log I3 60; logg 30 = a and log : - 24 = 


g 3/3 -,!***!/ 3 _ J 1 **!/* 1 / 3 


h. -log 5 (log 3 VW) i. ( 


I®* 115 3 


■) 


B. Types of Logarithm 

4. Calculate the logarithms, using log 2 = 0.30103 
and log 3 = 0.4771. 

a. log 18 b. log 30 c. log — 

5 

5, Find the number of digits in each number if 
log 2 = 0.30103 and log 3 = 0.4771. 

a. 2 50 b, 9 10 c. 27 s d. 18™ 

C. Properties of Logarithms 

0. Write each expression as a single logarithm. 


a. —log x —log //~f-log z“ 
o 

1 , 1 , 1 , 

b. --log x + -log ij+ -log z 

2 2 2 




7, Write each expression as the sum or difference of 
the logarithms of a t b and c. 


JIG, log^ if = a is given. Express each logarithm in 
terms of a. 

a. log iy x"if 

11. Simplify' the expressions 


b. log , x 3 y* 


a. (Log 3 625-log vs 9) + (log 4 — -log 1/2S 1024) 

b. log a . b 2 -log tl c* -log 5< cF -log^ a 

12. Find x in each case. 

a. log„ x = 3 - (2 ■ log„ 3) + (3 ■ log;, 5) 

b. log 3 x = 2 + (3-log a 5)-(2 -log a 4) 

13 . Prove each equality. 

a. log, x 2 -log,, * 3 ■■■■'log,. „*i =1 


log— lag— 1 C S — 

b. x ■ -y ’ z s =1 

14 . Show that if a" + b" = lab {a, b > 0) then 

OO „ 4 -J, 1 

. a + b 1 

log-= -(log a + log b ). 

O Z 
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D. USING A TABLE OF LOGARITHMS 

Before the invention of computers and calculators, 
mathematicians used values of logarithms printed in a 
logarithmic table to help them with their calculations. Todav 
we can easily find the logarithm of any number to any base 
by using a calculator or computer. In this section we will 
learn how to use a logarithmic table for the same 
calculations. 

Since most calculations involve decimal numbers, it makes 
sense to use a table of logarithms based on powers of 10. For 
this reason, logarithmic tables generally show logarithms to 
base 10. These logarithms are also known as common or 
Briggsian logarithms. 

1. Parts of a Logarithm 


Henry Briggs published the first instillment 
of his own table of common logarithms in 
1617. The table contained the logarithms of 
all integers below 1000 to eight decimal 
places. He then published his Arithmetic a 
Logarithm ica in 1624, which contained the 
logarithms of all integers from 1 to 20,000 
and from 90,000 to 100,000 to fourteen 
decimal places, toge ther with an introduction 
which described the theory and use of 
logarithms. The interval from 20,000 to 
90,000 was filled by Adriaan Vlacq. a Dutch 
mathematician. However, in Ylacq J s table, 
which appeared in 1628., the logarithms were 
given to only ten decimal places. The only 
important published extension of Vlacq's 
table was made by Edward Sang in IS 71. 
whose table contained the seven-pi ace 
logarithms of all numbers below 200,000. 

Edward Sang was a Scottish mathematician 
and engineer His most remarkable achievement 
was his massive unpublished compilation of 
26- and 1 o- place logarithmic, trigonome tric 
and astronomic table s. 


The logarithm of a number which is not an exact power of 10 consists of two parts: a whole 
number, called the characteristic, and the decimal part, called the mantissa. 


Definition 


characteristic and mantissa of a logarithm _ - 

The common logarithm of any number x can be written as log x - c + m where c e Z and 
m e 10, 1). hi this notation, the integer c is called the characteristic and the positive real 
number m between 0 and 1 is called the mantissa of log x. 


For example, log 500 = 2.699 = 2 + 0.699, so the characteristic of log 500 is 2 and the man¬ 
tissa is 0.699. We can find the characteristic of a logarithm by inspection, while the mantis¬ 
sa is obtained from a logarithmic table. 

To find the characteristic of a logarithm, we use the 
following rules: 

* The characteristic of the logarithm of a number x 
greater than 10 is positive, and is one less than the 
number of digits in x to the left of the decimal point. 

* The characteristic of the logarithm of a number ij less 
than 1 is negative, and is equal to the number of zeros 
to the left of the first non-zero digit in ij. 

We can also find die characteristic of log x by writing x 

in scientific notation. The characteristic is the power of 10 when the number is written in 
scientific notation, as we can see in the table opposite. 

Logarithms arid Logarithmic Functions 



A number Is said to be 
expressed in scientific nota¬ 
tion if it is in tiie form a ■ 10* 
where a e R and 1 < a <10, 
and 


MuinbsGT 

SetenUac Ng&ti&n 

Characteristic 

2 

2.0 ■ 10* * 

0 

41 

4.1 ■ 10 L 

i 

142.17 

1.4217 ■ TO 1 

2 

B450 

8.4s ■ Iff 

3 

0.234 

2.34 -KT 1 

-1 

0.0751 

7.51 -10-" 

-2 

0.00102 

1.02 ■ 10- ] 

-3 




Number 

Sdentlfle N&aariton 

fcfl saute 

457 

4.57 ■ 1QF 

0.6599 

45.7 

4.57 ■ 10 L 

0.6599 

0.457 

4.57.10- 1 

0.6599 

























We can find die mantissa of a logarithm bv using a table of logarithms. Logarithms of numbers 
which have die same sequence of digits but a different decimal point have the same mantissa. 
For example, the logarithms of 457, 45.7, and 0.457 have the same mantissa because, when 
written in scientific form, the part next to the power of 10 in each is the same. The only 
differing part is the exponent of 10 which is the characteristic of the logarithm. 


2. Using a Table of Logarithms 

The table at the end of this section is a complete, four-place common logarithm table. Tour- 
Place means that the table shows the mantissas of common logarithms to four decimal 
places. To calculate a logarithm, we calculate its characteristic separately and then use the 
table to find the mantissa. 

For example, imagine we want to calculate die common logarithm log 12.4. We begin by writing 
the number in scientific notation as 1.24 ■ 10 1 . So the characteristic is 1. Then we lookm the 
table to find die mantissa for 1.24: move down the left-hand coluimi to find 1.2, and then 
across to the column labeled 4. The entry is 0934, and so the mantissa becomes 0.0934 
(notice that the table only contains the decimal part of the mantissa, without the decimal 
point). The logarithm is therefore 

log 12.4 = characteristic T mantissa = 1 + 0.0934 = 1.0934. 

As an exercise, use the table to verify di at log 2.05 = 0.3118, log 25 = 1.3979, log 568 = 2.7543 
and log 0.00706 =-2.1512. 

Notice that log 0.00706 has a negative value. The minus sign applies only to the characteristic 
and not to die mantissa: log 0.00706 = -3 + 0.8488 (not -3 - 0.8488). Sometimes the negative 
sign is written directiv above the characteristic: log 0.00706 = 3.8488 = -3 + 0.8488. 

To find the logarithm of a number which is not in the table, we use a process called 
interpolation. For example, suppose we are ashed to find the logarithm of 242.6. The 
mantissa for 2.426 is not listed in the table: however, the mantissas for 2.42 and 2.43 are. 
Since 2.426 lies between 2.420 and 2.430, its mantissa must lie between die mantissas for 
these two numbers: in fact, since 2.426 lies 6/10 of die way between 2.420 and 2.430, the 
mantissa must be 6/10 of the wav between 0.3838 and 0.3856. Because die difference 
between the two numbers is 0.0018, and 6/10 of 0.0018 is 0.00108, we add 0.00108 to the 
mantissa of 2.420 to get 0.38488. The complete logarithm of 242.6, therefore, is 2.38488, 
rounded off to 2.3849. 
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Definition 


We can also use a logarithmic table to find a number whose logarithm is given, 
anhlog anth m - 


The antilogarithm of a number a is die number whose logarithm is equal to a. In other 
words, the antilogarithm of log x is x. If log x = a, we write x = uitilog a or x = log' 1 a to 
mean that x is the antilogarithm of a . 

To find an antilogarithm, we reverse the process for determining the logarithm. To find the 
antilogarithm of 3.9489, we identify the mantissa (0.9489) and the characteristic (3) then 
find the number corresponding to the mantissa in the table. It is in row 8.8 and column 9, 
and so it has the digits 8.89. We multiply this number by 10 to the power of the characteristic. 
So the antilogarithm is 8.89 ■ 10 3 t which is 8890. 

Notice that in some instances, we cannot find the exact mantissa in the table. We must then 
use the process of interpolation that we saw on the previous page. 


EXAMPLE 


23 


Find the antilogarithm of each number, 
a. 4.8768 b. 3.9609 


c. 1.8771 


Solution a. The mantissa 0.8768 corresponds to die number 7.53 in the logarithmic table (row 7.5, 
column 3). Since the characteristic is 4, we write the antilogarithm as 7.53 ■ 10 4 , which 
is 75300. 


b. From the table of logarithms, we find the number 9.14 corresponds to the mantissa 
0.9609. Since the characteristic is -3, the antilogarithm of 3.9609 is 9.14 ■ 10^ = 0.00914. 

c. We identify the characteristic 1 and die mantissa 0.8771, which is not listed in the 
logarithm table. So we use the interpolation method. Since 0.8771 is halfway between 
0.8768 (= log 7.53) and 0.8774 (= log 7.54) in the table, the corresponding number for 
the given mantissa should be halfway between the numbers 7.53 and 7.54, i.e. 7.535. 
Thus we write the antilogarithm as 7.535 ■ ID 1 = 75.35. 


Definition 


cologarithm 

The logarithm of the reciprocal of a positive number x is called the cologarithm of x y 
written as colog x. hi other words, colog x = log 1/x = -log x. 


EXAMPLE 


24 


Find the cologarithm of x in each case, 
a. logx = 3.8182 b. logx = 0.7404 


c. log x = 5.1959 


Solution To obtain a mantissa between zero and 1, we add and subtract 1 from the negative logarithms. 

a. colog x = —log x = -3.8182 =-3 - 0.8182 = -3 - 1 + 1 -0.8182 = —4 + 0.1818 = 4.1818 

b. colog x = -log x = -0.7404 = -1 +1 - 0.7404 = -1 + 0.2596 = 1.2596 

c. colog x = —log x = -(-5 + 0.1959) = 5 - 0.1959 = 4.8041 
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TABLE OF LOGARITHMS 



D 

1 

2 

3 

4 

5 

6 

7 

B 

Q 

1.0 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

1.1 

0414 

0453 

043 £ 

0531 

0569 

0607 

0645 

068 £ 

0719 

0755 

1.2 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

1.3 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

1.4 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

1.5 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

1.6 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

1.7 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

1.3 

£553 

£577 

£601 

£ 6£5 

£648 

£672 

£695 

£718 

£742 

£765 

1.9 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 


3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3560 

3579 

3598 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

24 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

£.6 

4150 

4166 

4183 

4 £ Q 0 

4£16 

4232 

4£49 

4£65 

4281 

4 £98 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

3.0 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

3.1 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

3.2 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

3.3 

5185 

5198 

5211 

5224 

5£37 

5£50 

5£63 

5276 

5289 

5302 

3.4 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

3.5 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5 S 39 

5551 

3.6 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

3.7 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

3.8 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

3,9 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

4.0 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

4.1 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

4.2 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

4.3 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

4.4 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

4.5 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

4.6 

6628 

6637 

6646 

6656 

6665 

6675 

66 B 4 

6693 

6702 

6712 

4.7 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

4.8 

681 £ 

63£1 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

4.9 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

5,0 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

5.1 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

5.2 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

5.3 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

5.4 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

5.5 

7404 

741 £ 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

5.6 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

5.7 

7559 

7566 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

5.8 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

5.9 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 


7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

64 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

6.2 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

6.3 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8048 

80-55 

6.4 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

6.5 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

66 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

6.8 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

69 

8388 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

7.0 

8451 

8457 

8463 

8470 

8476 

848 £ 

8488 

8494 

8500 

8506 

7.1 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8567 

7.2 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8621 

8627 

7.3 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

7.4 

8692 

8698 

8704 

8710 

8716 

8722 . 

8727 

8733 

8739 

8745 

7.5 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

7.6 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

7.7 

8865 

8871 

8876 

888 £ 

8887 

3893 

8899 

8904 

8910 

8915 

7.8 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

7.9 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9025 


9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

8.1 

9085 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

8.2 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

8.3 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

8.4 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

8.5 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

8.6 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

8.7 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

8.8 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

8.9 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

9.0 

9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

9.1 

9590 

9595 

9600 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

9.2 

9638 

9643 

9647 

965 £ 

9657 

9661 

9666 

9671 

9675 

9680 

9.3 

9685 

9689 

9694 

9699 

9703 

9708 

9713 

9717 

9722 

9727 

9.4 

9731 

9736 

9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

9.5 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

9.6 

9823 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

9.7 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

9.8 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

9.9 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

GQQfi 





















Now that we aie familial with die concept of logarithm and. the properties of logarithms, we 
are readv to study logarithmic functions. 


A. BASIC CONCEPT 


Definition 


basic logarithmic fund 


For a > 0, a * 1, the function /: (0, °o) E defined bv/(x) = log^ x is called a basic logarithmic 
function with base a. 

hi this section, the term logarithmic function' means a basic logarithmic function. 


c c c c c 

Existence conditions for 
a logarithm 
x > 0 



fix) = \og a x 


a * 1, a > 0 


Notice that in a logarithmic function, the base is non-negative and the variable appears in 
die argument not in the base. Accordingly/(x) = log 3 a\ g(x) - log s (7x + 2) h(x) = log^ x 3 y 
a e \ {1} are all logarithmic functions, but m (a) = log_„ x and n(x) - log^ 7 are not 
logarithmic functions. 

• When the base of a logarithmic function is 10, the function is called a common log¬ 
arithmic function, and is denoted by f(x) = log x. 

• If the base of a logarithmic function is the irrational number e then the function is called 

a natural logarithmic function, and is denoted by fix) s hi x. 

Considering the definition of logarithm and the domain of a logarithmic function, we can see 
diat any well-defined logarithm must satisfy two conditions: first, both the argument and the 
base must be positive, and second, die base cannot be 1. We call these conditions the 
existence conditions for logarithms. 


EXAMPLE 


25 


Find the largest possible domain for each function, 
a. /(*) =logj(r-2) b. f(x) - log^ar + x - 2) 


■n 


c. f(x) = lo&(ar - 1) 


Solution a. Since the base satisfies the existence conditions for a logarithm, we only need to identify 
the values of x that make the argument positive. Therefore, we need x - 2 > 0 which gives 
x > 2. So the domain of f(x) = log 2 (x -2) is (2, &o). 
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b. Similarly we establish die condition x~ + x - 2 > 0 and factorize this as (x + 2) ■ (x - 1) > 0. 

By making a sipi table, or using any other mediod, we can identify the values of x which 
satisfy this quadratic inequality: 


X 

-2 

1 CO 

i—1 

1 

£ 

+ 

■5 

JlI 

1 + 


So the domain of f(x) = logjar + x - 2) is R \ |-2, 1|, or (-«, -2) u (l t qo). 

c. The given function is not a logarithmic function (can you see why?). However, we are 
simply asked to find the values of x which make the function well-defined. To find the 
domain of f(x) = log^ar - 1), since both the base and the argument depend on x f we 
check the conditions for both of them. In other words, we need to solve the system 

[ xr - 1 > 0 
| x > 0 and x ^ 1 . 

From the first inequality we get x < -1 or x > 1. Combining this with x > 0 and x ^ l r 
we find that x > 1 is the solution to the system, and so the domain of f(x) is ( 1 , °o). 


Check Yourself 4 

Find the largest domain for each function. 

a. /(x) = log 3 (^b b. f(x) = log(V3-2A’-l) c. f(x) = log , +3 7 

.v + 3 

Answers 

a. (-3, 2) b. (-», 1) c. (-3, ~) \ {-2, 

B. GRAPHS OF LOGARITHMIC FUNCTIONS 



We can divide the graphs of logarithmic functions into two types, according to the value of 
the base. 

1. Graph of f(x) = lo g m x for a > 1 

Consider the function/(x) = log. x. If we rewrite the logarithmic function in its exponential 
form then we can graph it easily by plotting points. The exponential form of ij — log. x is 
T - x r so we can make the following table: 


x=2^ 

Q 

1 

4 

1 

2 

] 

2 

4 

8 

4- « 

y=x 


-2 

-1 

0 

1 

2 

3 
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By drawing a smooth curve 
through the points (x\ y) in the 
table, we obtain the graph opposite. 
As we can see the graph of the 
function approaches the negative 
y-axis but never touches it. So the 
//-axis is a vertical asymptote for 
the graph of/(x). 



The graph of any logarithmic function with base 
a e (1,. °o) is a curve similar to the curve shown 
above. The figure opposite shows the graphs 
y — logn x t y - In x, and y - log 3 x. We can see 
that as the base a e (1 T oo) increases, the curve 
moves closer to the positive x-axis and the 
negative //-axis. 



2. Graph of /(x) = log a x for a e (0 T 1) 

Now let us try to draw the graph of the logarithmic function /(x) = log 1 x. As before, we 

O 

begin by writing the function in its exponential form: (—) y - x where y — log 2 x. By 

2 £T~ 

picking convenient integer values of y and then calculating the corresponding x-values, we 
obtain the following table: 



0 

I 

4 

1 

2 

] 

2 

4 

8 

4- ® 

y= log,* 

T 


2 

1 

0 

-1 

-2 

-3 




Logarithms and Logarithmic Functions 












































The figure on the right shows a 
sketch of the graph y = log : x 
obtained by plotting die points in 
the table. As before, we can see 
that the graph never touches or 
crosses the y- axis, and so the 
y-axis forms a vertical asymptote 
for the graph. 




The graph of any logarithmic function witli base 
a e ( 0 , 1 ) is a curve similar to the curve shown 
above. The figure on the left shows the graphs 
y- log 2 x and y-log 1 a. 

a" 3 

We can conclude that as the base a e (0, 1) of a 
logarithmic function decreases, its graph gets 
closer to the positive x-axis and y- axis. 


C. PROPERTIES OF LOGARITHMIC FUNCTIONS 



Studying the graphs of basic logarithmic functions can help us to see some basic properties 
of these functions. Look at the graphs of two logarithmic functions/: (0, °o) —>R,/(x) = log^ x: 
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Using the graphs we can identify the following properties of any logarithmic function of the 
form /(a) = log, x : 

1. The domain off is the set of positive real numbers. 

2. The range off is the set of real numbers. 

3. The graph of/has a- intercept (1, 0). 

4. (a, 1) is a point on this graph. 

5. The y-axis (x = 0) forms a vertical asymptote for the graph off. 

These two graphs also help us to understand the sign and inverse of a logarithmic function. 

1. Sign of a Logarithmic Function 

By looking at the graphs of the logarithmic functions in the previous section, we can deduce 
the following properties of the function /(a) = log^x: 


lfa>l then 

log a x < 0 for 0 < x < 1 

logs x = 0 for x = 1 

log a x > 0 for x > 1. 

If 0 < a < 1 then 

log fl x > 0 for 0 < x < 1 

loga a = 0 for x = 1 

log a a < 0 for a > 1 . 


Notice that in both cases, if both the base and the argument of a logarithm are from the same 
interval then the logarithm is positive, otherwise it is negative. 


EXAMPLE 
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Identify whether the numbers are positive or negative. 

a. log : 0.9 b. logO.15 

2 ~ 


Solution a. Since both — and 0.9 are in (0, l) t they are in the same interval and so log : 0.9 is 
positive. 


b. The base (10) is in the interval (l t °o), but the argument (0.15) is in (0 T 1). Consequently 
log 0.15 < 0. 


We can find the sign of a logarithmic function with a more complicated argument by 
substituting a for the argument and using the same rule. Let us look at some examples. 
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EXAMPLE 


27 Identify the sign of each function with respect to x. 
a. f(x) — log 3 x b. /(x) = log^x- 1 ) 


Solution a. The base of the function is 3 which is greater than l f so we use the rule for a > 1 : 

f(x) < 0 for 0 < x < 1 , f(x) — 0 for x — 1 , and f(x) >0 for x > 1 . 


b. By the rule, log -1) is 


positive for 0 < x -1 < 1 
zero for x- 1 = 1 ^ 

negative for x -1 > 1 


/ (x) > 0 for 1 < x < 2 
f (x) = 0 for x = 2 
/(x) < 0 for x > 2. 


EXAMPLE 


28 Find the greatest possible domain of each function 
a. f(x) = loggCtogjX) 


Solution a. The function / exists if 


b. /(x)=log 1 (Log 9 (2x+4)) 

3 


x > 0 (i.e. log. x exists) \x >0 

log. x > 0 (i.e. log 3 (log. X) exists) [x > 1. 

The solution for this system is x e (l t co) t which is the greatest domain of/(x). 
b. The greatest domain is the solution set of the system 


3 <=> x e «). 


\2x + 4> 0 

\x>-2 \ 


; <=> 

[log B (2x+ 4) > 0 

[2x + 4 > 1 



Check Yourself 5 

1. Identify the sign of each function with respect to x. 
a - /(x) = log 1 (3x-l) b. /(*)=log 1 ^ 


2 . Determine the greatest domain of each function. 


a. /(x) = log 1 (log 1 x) 

3 5 

b. f (x) — log j (log ) 

2 X + l 


Answers 

positive 

for 

A 2, 
re —) 

3 3 

positive 

1. a f(x) is - 

zero 

for 

x = — b. /(*) is ’ 

zero 


negative 

for 

.2 , 
xe «). 

3 

negative 

2. a. (0, 1) 

b. (-oo. 

-1) 




for xe( 2 t 

, b 

for X = — 

2 

for x e (— t 3). 
2 
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2. Inverse of a Logarithmic Function 

Recall that we defined logarithms so that we could write the inverse of a* in a convenient 
wav. Thus the logarithmic function /(a) = log fl x and the exponential function g(x) - a x are 
inverses of each other. This is whv their graphs are reflections of each other in the line y — x, 
as we can see below. 




We can also prove this inverse proper tv formally, as follows: 

By the property of an inverse function, the functions /: (0, m) -> 1 , /(x) = log^ x and 
g: IK —> (0 t co) t g(x) = a* are inverse functions if their composition is the identity function 
J(x). In other words, 

(fog)(x) = (g of )(x) = I(x) - x o/(z) - g'\x) and g(x) =f~ 1 (x). 

Let us check that tins is true. 

(J o g) (x) = f{g(x)) = (log, x) o (a 1 ) = log fl (d") = x log fl a = x for all x e IK, and 
(g o /)(x) - g (f(x)) = (a*) o (Log x ) = a a °^ s) - x for all x e (0, ™). 

So/(x) = log a x and fj(x) = d* are indeed inverse functions. 

Note that as a result,/(x) = log x and £f (x) = 10" are inverse functions./(x) = hi x and g(x) - e* 
are also inverse functions. 

Since only bijective functions have an inverse, and logarithmic and exponential functions are 
inverses of each other, we can conclude that logarithmic functions are bijective. In other 
words, logarithmic functions are both one-to-one and onto. 

We can use the one-to-one property of logarithmic functions to solve equations involving 
logarithms. For now it is enough to state that 

log fl x = log, y & x = y . 

For example, if log. x = log. 5 then x = 5. We will look at this proper tv in more detail in 
Chapter 3. 
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EXAMPLE 


29 Find the inverse of /: E -» (0, °°),f(x) = 2*. 


Solution The inverse is f (0, -» E,/ J (x) = log„ x. 


EXAMPLE 


30 


Find the inverse of /: R (G, co) t /(a) - 3* +1 . 


Solution ij - 3* +1 <=> x + 1 = log^ y <=> x - log 3 y - 1. 

Interchanging x and y gives us the inverse of the given function: 
/ I; (0, ») R, f-\x) = log 3 x - 1. 


EXAMPLE 


31 


Find the inverse of/: (1, m) R,/(x) = 1 -log„(A I). 


Solution Isolate a on one side of the equation y = fix): 

y - 1 - log/A - 1) ^ logn(:v -1) = 1 - y <=> x - 1 = 2 1- * x = 2 1-s + 1. 

Interchange a: and y: = 2 1 "* -§- 1. 

Write the inverse function:/ -1 : M —^ (0, °o) t / _I (A) = 2 1- * -f- 1. 


EXAMPLE 


32 


Find the inverse of each function. 


a. fix) - 1 - 3 1 51 b. f(x) = hi (a: + 2) 


Solution a. Starting with y - I - 3 1 & and rewriting in terms of a, we get 

y - 1 - 3 1-Ss 3 1- -* = 1 - y 1 - 2a = log 3 (l -y) £=> 

3 13 /~~3 

2a =log 3 3 -log 3 (l - y) <=> 2 a = log 3 (-)<=>x--log 3 (---) <^A = log --. 

1 -y 2 1- y 

So / -1 ( x) = los L^— and/ -1 (-^ 1) ->R. 

Vl-A 

b. We can easily identify 7 /: (-2 t m) —> R. To find the inverse / -I : R —> (-2, m), we use 
y - ln(A + 2) <=^ a + 2 = e y ^ a = e y - 2 <=>/ -i (a) = e x - 2. 



cc ccc 

= a* <=> x = log, ij 
\og a x-\og^y=log a - 
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Check Yourself 6 

1. Find the inverse of each function/: E -» (0, «>). 

a. fix) = 3* b. f(x) = ( l -)" 1 c. Six) = 

5 

2 . Find the inverse of each function and determine its domain and range. 

a. Si x ) = 2 *“ "■ b. Si x ) = 1 + 3 log ;e 

Answers 

1. a./ J (x) = log 3 x b. S~ 1 ix)=log 1 ^ r c. S' 1 ix) = hi- 

r 5 * 

2 . a./' 1 : ( 0 . «) ->R, / -1 (ac) = log„ ifix b. /- 1 ; E ( 0 , «), f-\x) = ^/lO *' 1 


3. Monotone Property of Logarithmic Functions 

The graphs of logarithmic functions suggest the following properties: 

If a > 1 then f(x) = log fl x is strictly increasing. 

If 0 < a < 1 then f(x) - log fl x is strictly decreasing. 


We will look at logarithmic inequalities in more detail in the next chapter. For now, it is enough 
to remember two important rules: 

1. Since/(x) = log^ x is an increasing function when a > 1, we can write 

x : < x* o f(x j < /(Xn), i.e. x : < x* <=> log a x 1 < log^ for a > 1 . 


In other words, if we take the logarithm of both sides of an inequality to the same base 
a > 1 , the direction of the inequality will stay the same. 

For example, 2 < 3, so log^ 2 < log- 3 because a - 5 > 1. 

I_I 

2. Since/(x) = log fl x is strictly decreasing when 0 < a < 1, we have 

< *2 <=>/( 4 ) > /(*s). he. *1 < x„ log, x, > log, x r 

hi other words, if we take the logarithms of both sides of an inequality to the same base 
a e ( 0 , 1 ), the direction of the inequality will be reversed. 

For example, 2 < 3 so log : 2 > log : 3. 
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EXAMPLE 


33 State the monotony (strictly increasing or strictly decreasing) of each function, 
a. f (a) — log 1 x b. f(x) = log x 


Solution a. Since the base a = — is between 0 and l t f(x) - log i x is strictly decreasing. 

3 w 

b. log a 1 is a common logarithm with base a - 10 which is greater than 1. So f(x) = log x is 
a strictly increasing function. 


EXAMPLE 


34 


State the monotony of each function. 


a. /(*) = lo| L (*-l) 


b. /(*) = log 1 (-2x-l) 

3 


Solution a. 


CC CCC 

If tvro functions have 
different monotonies 
then their composition is 
strictly decreasing, [f two 
functions are both strictly 
decreasing (or increasing) 
then their composition is 
decreasing (or increasing). 


b. 


/(*)= lo«iC*-l)= (lofii *) 


where g(x) = log, * is strictly decreasing and 

O; 


h(x) - x - 1 is strictly increasing. Since g(x) and h(x) have different monotonies, /(a) is 
strictly decreasing. 


Similary f(x) - log 2 (-2 a -1) can be written as the composition of g(x) - log 1 x and 

3 3 

h(x) - -2x - 1. Since both of these functions are stricdy decreasing, /(a) is a strictly 
decreasing function. 


EXAMPLE 


35 


Compare the numbers in each pair. 

a. log. 5 t log. 7 b. logg 4 t log. 4 


Solution 


a. Since 2 > 1 and log. x is strictly increasing, the direction of the inequality between the 
logarithms is the same as the direction of the inequality between the arguments: 5 < 7 so 
log. 5 < log. 7. 

b. Since the logarithms do not have the same base, we first apply the formula log a b = —-— 

log, a 

to obtain logarithms with the same base: 


log. 4 : 


and log. 4 


log 4 6 " log 4 5 

Since log^ x is an increasing function, we get log 4 6 > log 4 5 > 0. Therefore we have 


log, 6 > log, 5 o 


log,6 log,5 


<=> log. 4 < log 4. 
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EXAMPLE 


36 


Compare a and b given each inequality. 

1 1 

a. log, a < log, b b. log a — < log^ — 

2 2 


Solution a. Since the function y — log, x is an increasing function, the arguments compare in the 
same wav as the logarithms: log, a < log, b a < b. 

b. We can rewrite log a — < log t — as —-—< —-— ^ log : a > log! b. 

2 2 log j a log^ b ^ 5 - 

S 2 

Since log : x is a decreasing function, we conclude log! a > log 2 b <=> a < b. 


EXAMPLE 
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hi each case, find the interval between two consecutive integers in which the number hes. 
a. log, 15 b. log^ — c. log 1720 


Solution a. In problems like this we begin by writing the argument of die logarithm between two 
consecutive powers of the base: 2 3 < 15 < 2 4 . 

If we take the logarithms of all these numbers to base 2, the direction of the inequalities 
will remain the same because the base is greater than 1. In other words, 

log, 2 3 < log, 15 < log, 2 4 and so 3 < log, 15 < 4. So die interval is (3 t 4). 

b. Since (—) 3 < — < (—)~ and the base is between zero and 1, 

2 5 2 

we get log I (-) 3 >log I I>log I (-)- 3 > log,->2. So the interval is (2, 3). 

,-2 ^ 5 ^2 ^ 5 

c. Using die same approach as above, we obtain log 10 3 < log 1720 < log 10 4 . Therefore, 
3 < log 1720 < 4. 


Check Yourself 7 

1 Determine whether each function is stncdy increasing (^) or stricdv decreasing (^). 

a. f(x) = ln (3v) b. f(x) = log, x + log 3 x 

c. /(x) = log i (2A: + 3) d. f(x) = log,(2" 4- x) 

12 

2 Find the integer part of each number. 

a. log, 35 b Slog;, 5 c. log n d. log, 5 

12 

3. Find the bigger number in each pair. 

a. log;5,log„7 b. log, 2, log, 5 c. logj^log^ 

3 3 



"■ 1 ° g i < 25 ) 


d. log„ 3, log, 5 
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4. Determine whether each number is positive or negative. 


a. log 0.5 b. In 2 

c - l0 £i 5 - 

3 Z 

d. logj 3 + 1 

g~ 

e log. 7-2 

5. Prove the inequalities. 




a. log, 4< -< log. 3 

b. 

log 4 5 + log- 6 4 - log 6 7 < 

31og 4 5 

Answers 




1 . a. ^ b. ^ c. Si 

d. ^ 



2. a. 3 b. 6 c. 0 

d. -2 

e. 2 


3. a. log. 7 b. log, 2 c. log 3 4 

3 

d. log. 3 



4. a. negative b. positive 

c. positive 

d. negative 

e positive 


5. a. (Hint: log 3 16 < log 3 27 and log. 8 < log. 9) b. (Hint: logg 7 < log- 6 < log 4 5) 




Logarithms 











EXERCISES 2.2 


5. Write > or < in each gap to make true statements. 


A. Basic Concept 


1, For which values of x is each logarithm defined? 

a. log.(x - 2 ) b. log^ (x~ - 5x - 6 ) 

i" 

c. hi (x~- 2 x + 1 ) d. log 2 |x| 

3 




x + 1 
£■ lo^.^^e 


f - log. 


x ■ (x - 2 ) 


3- x 
ii- log, +3 (^'-^) 


a. log 3 2 ... 1 b. log„j 3 0.14 ... 0 

c. log, 5 ... 1 d. log^, 0.3 ... 2 

6 . Order x, y and z in each case. 

a. * = log. 3, y - log. 5, z = log. 7 

b. * = log w 3, y = log lfl 5, z = \og ir 7 

c. x = log. 3, y = log 3 4, z = log, 5 


2. State the domain of each function. 

a. J{x) = log 3 (x - 2 ) b. f(x) = log. (a: - 1 ) 

c. f(x) = log i aog i s:) d. f(x) = log. ( 2 a: - 1 ) 

3 0 

e, fix) = In —— f. fix) = log. Jx- - 4 

x + 2 

g. f(x) = logV* 2 -* Ji- fix) = log., (3* - 4) 

i. /(x) = log 9 aog L (23c + 4)) 

3 

j. fix) = log, (>r + x - 2 ) 

L. f(x) = log(;c - 2) + log(3 - .v) 

1 . fix) = log (log.(l -a)) 

B. Graphs of Logarithmic Functions 

3, Sketch each graph by plotting selected points, 

a. y = log 5 x b. y = logj x 

3 

c. ij = log x d. y = In x 


Find the inverse of each function. 


a. f(x ) = 5* 

c. fix) = e’ 
e. f{x) = 2 s - 1 
g. f(x) = 2 -e I + 1 
i. f(x) - In (x + 2 ) 
k. f(x) = log 10 x 


b. f(x) = &* 

d. fix) = ET 
f. fix) = 1 + 3" 2 " 1 
h. /(*) = log (a: - 3) 
j. /(*) = 3 log(a + 1) 
1. fix) = log s (.K - 4) 


8 . Determine whether each function is strictly 
increasing or decreasing. 

a. fix) = log(l -3a) b. /(a) = logj(2a + l) 


Mixed Problems — 


9. fix) = -Jx + 5, gix) = log 3 (5a + 1 ) and 
(f ° g _ 1 )(4) = nr are given. What is m? 

10. Compare a and b in each case. 

a. a — log 3 b — log 3 — 

3 4 3 s 

b. a = log, 3, b = log 5 3 


C. Properties of Logarithmic Functions 

4. Identify - the sign of each function with respect to a - . 

a. fix) = log ( 2 * - 1 ) b. fix) = hi | jc — 11 
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11, Given/(x) = log^ x\ calculate /(—) +2 ■/(%). 

x~ 

12, Find a if/(x) = log 3 (4x + a) and /" 1 (4) = 2. 














LOGARITHMIC SPIRALS 


A logarithmic spiral is a special kind, of spiral curve which often appears in 

nature. It is defined bv the pdar equation r - a ■ e h '*where r is the distance of 

the curve horn the origin, 6 is the angle of the curve to the x-axis, and a and 

j b are arbitrary constants. The logarithmic relation between the angle of the 

spiral and its radius (6 - — In—) gives the spiral its name. The logarithmic 

b a 

spiral is also known as the equiangular spiral or growth spiral. 





Evangelista Torricelli 


Torricelli was an Italian 
scientist who was the first 
create a sustained 
~ discover the 
a e ter. He 

__;i iutr tcu sum e mi por tan t 

results in the development of 
calculus. 


The logarithmic spiral was first described by Rene Descartes in 1638. The Italian scientist 
Torricelli worked on the curve independently, and found the curve 1 slength. The spiral was 
later studied by Jakob Bernoulli (1654-1705), who called it Spira Mirabilis , the 
marvelous spiral 1 . Bernoulli was so fascinated bv the spiral that he wanted to have one 
engraved on his headstone when he died, together with the Latin words eadem mutata 
resurgo, which mean although changed, still remaining the same'. Unfortunately, the 
engraver did not follow Bernoulli's wishes completely: 
he engraved an Archimendean speral instead. 

Logarithmic spirals appear in many parts of nature where 
growth is proportional to the size of an organism. One 
example is the Nautilus shell, which is formed by a kind 
of mollusc. 




The arms of spiral galaxies often have the 
shape of a logarithmic spiral. The arms of 
tropical cyclones such as hurricanes also show 
a roughly logarithmic spiral pattern. 


Insects approach a light source in a logarithmic spiral because they are used to 
having the light source at a constant angle to their flight path. Similarly, hawks 
approach their prey in a logarithmic spiral: their sharpest view is at an angle to 
their direction of flight. 









Now that we are familiar with basic logarithmic functions and their graphs, we are ready to 
study the properties and graphs of general logarithmic functions. 


Definition 


logarithmic function (general fbrrn) 

A function of the form f(x) = c ■ logJd(x + p)\ + /; where a, c, d and k are real numbers 
with c A d ± 0 is called a logarithmic function with base a. 


We can sketch the graph of a logarithmic function by plotting a selection of points, but this 
requires complicated calculations for finding the points. Alternatively, we can use some simple 
strategies to sketch the graph of a general logarithmic function with little or no computation. 
Let us first recall the common properties of all basic logarithmic functions (f(x) - log^v): 

1. The domain is (0 t co). 

2. The range is R. 

3. The graph does not cross the //-axis. The ?/-axis is a vertical asymptote. 

4. The graph has an x -intercept at (1, 0). 

5. (a t 1) is also a point on the graph. 

6 . The function is either strictly increasing (for a > 1) or strictly decreasing (for a e (0, 1)): 


a > i 



increasing 


0 < a < 1 



strictly 

decreasing 
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We can use all of these observations to roughly sketch the graph 
of any basic logarithmic function/(x) = log a x. 

One method for drawing a rough graph of a general logarithmic 
function g(x) - c ■ logjd(x 4- p)\ + k is to start >vith the graph 
of f(x) — log a x and apply transformations (horizontal or vertical 
shift, shrink, stretch or reflection) to f(x) step by step. This is 
similar to the approach that we used to sketch the graph of 
exponential functions. 

v 















We can summarize the main transformations as follows: 


For a function g(x) — c ■ logJd(x + p)\ + k , the constants c y a, d t p and /; have the 
following effect on the graph of f(x) = log a x: 

* k represents a vertical shift k units up if k > 0, or \k\ units down if k < 0. 

* p represents a horizontal shift p units to the left if p > 0, or \ p\ units to the right 
if p < 0. 

* c represents a vertical stretch, shrink or reflection: 

- c < 0 means a reflection in the x-axis. 

- \c | > 1 means a vertical stretch by a factor of |c|. 

- 0 < |c| < 1 means a vertical shrink by a factor of \c\. 

* d represents a horizontal stretch, shrink or reflection: 

- d < 0 means a reflection in the y- axis. 

- 0 < Id I < 1 means a horizontal stretch bv a factor of —. 

HI 

- Id I > 1 means a horizontal stretch bv a factor of —. 

\d\ 

X 

In addition, anv point (x , y) on the graph of f(x) = log^x will move to (—-p, c y-\-k) 

d 

on the graph of g(x) = c ■ log a \d (x + p)\ + 



We mostlv use these transformations to sketch the graphs of logarithmic functions containing 
absolute values. 

We can alternatively sketch the graph of g(x) - c ■ log a |d(x + p)| + k by identifying the 

vertical asymptote x - -p and two points which lie on the graph. To identify the points, we 

consider the fact that anv point (x, ij ) oil the graph y = j(x) moves to (— p, c ij + k) on 

d 

the graph y = c ■ /|d(x + p)| + /(, and so 

y = log, y = c ■ logJdC* + p)\ + 


( 1 , 0 ) 


( T -P. ft) 

d 


(a. 1) 


(--p, c + fc). 

d 


The following table is helpful when using this second approach to sketching a graph: 
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Graphs of functions of the form fix) — c ■ logJd(x + p)| + k y where d ^ 0 

c 

d 

a > 1 

0 < a < 1 

Domain 

Range 

T 

-t 

X ~ -p 

r 

* =~P 

k 

t-p c °) 

R 

+ 

- 

1 

x = -p 

J 

-p) 

i 

- 

-t 

x = -p 

k 

X = -p 

r 

t-p «>) 

R 

- 

- 

X = -p 

J 

T 

-p) 

R 
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Sketch the graph y - log^jc - 2) -1-3. 


Solution Let g{x) - log 3 (^ - 2). We can draw the graph of g(x) by shifting the graph of the basic 
function/(x) = logg x two units to the right (identifying p - -2 < 0). Then we shift the graph 
of g(x) 3 units upward since y = log 3 (^ - 2) + 3 = g(x) i- 3 and k = 3 > 0. 
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EXAMPLE 


39 Sketch the graph y = log.(2 - x) and determine its domain, range and asymptote. 


Solution 1 We begin bv sketching the basic function f(x) — log. x, then reflect it in the ?/-axis as the 
graph of g(x) = logn(-jc)- Since h(x) = log.(2 - x) - log.[-(x - 2)| = g(x - 2) h we sketch 
y = g(x - 2) = log.(2 - x) bv shifting the graph of g(x) two units to the right. 




As we can see in the final graph, the domain of h(x) = log.(2 - x) is (-°° t 2), the range is R t 
and the graph has a vertical asymptote at x = 2. 


Solution 2 


We can write the function as y - log.|-(x - 2)| and then 
identify a = 2, c = l t d - -1, p = -2 and k - 0. So two points 
on the graph are 

(i-P, *) = (-V_(-2), °)=( 1 - °) and 

d -1 

(j-p. c + k) = (4-(- 2 )’ 1 + 0 )=(°- !)■ 

d -1 



Using x — -p — 2 as the vertical asymptote, we draw the 
graph opposite. The domain of the function is (-™ T 2), the range is R, and the graph has a 
vertical asymptote at x = 2. 
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Sketch the giaph of f(x) = log 3 (2A') +■ 2. 


Solution 



After sketching the graph of g(x ) = log 3 a, we shrink it by a factor of — to get the graph of 
ft(A) - log 3 (2A) (can you see why?). Then we apply a vertical shift 2 units upward to obtain 
the graph of/(.v) = log 3 (2.v) + 2. 
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Sketch each graph, 
a. y = | log x | 


b. y ■— llogj x + 11 


Solution a. We begin by sketching; 

the giaph of/(x) = log a: , 
then we reflect the part 
of the curve below the 
x-axis in the x-axis. The 
result is the graph 
V = llog^l. 



b. Step 1: Graph /(a:) = log. x. 

Step 2: Shift the graph 1 unit upward to obtain g(x) = log. a T 1. 

Step 3: Reflect the part of the curve below the a- axis in the a- axis to get ij - |log. x -f- 11. 
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Solution 


v/ 


Sketch the graph y - hi 4x. 

Since y - In 4x is equivalent to y - — ■ In x , we can obtain the graph bv shrinking the graph 

2 

of f{x) - hi a 1 towards the x-axis. 


Since c - — and the points (1, 0) t (e, 1) and (e' t 2) are all on the graph of f(x) = In x, the 


points ( 1 , 0 ■ —>, (e, 1 ■ 1 ) and (e~, 2 ■ —) 
2 2 2 


will be on the graph of /(x) = —In x. 


By plotting tliese points and joining them 
with a smooth curve, we obtain the graph 
shown opposite. 



Check Yourself 8 

1, Sketch each graph bv translating the graph of a simple logarithmic function, 

a. y = log;, a:-3 b. y = 2+log 1 x 

3 

2 , Sketch each graph. 

a. y=log 1 (^- 2 ) b. ij = log(.v + 2 ) 

3 

3, Graph each function and determine its domain, range and asymptote. 

a f(x) = log,(-Jt) b /(*) = -log 1 * c.f(x) = -|log*| d./(x) = In \x - 11 

3 

4, Sketch each graph. 


» y= -log 3 x 
5. Graph each function. 


b. y = log. x 3 


c. ij = log x~ - 1 


a. /(je) = log 3 — b. f(x) = Iog 1 (2x) c f(x) = 2 In x - 1 d f(x) = 3 + log(-2 a) 
- i“ 

6 . Write the equation of the logarithmic function shown in each graph. 

a. ha b. au c. ky 




'8 9 x 








































Answers 




domain ■. (-Mj 0) 
range . IR 
asymptote . a = 0 



domain : (0, «>) 
range IR 
asymptote ■ x = Q 



domain ■ (0, ») 
range : (-^ O') 

asymptote ^ = 0 




domain IR - {1} 
range IR 
asymptote x = 1 
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Richter 

magnitude 

Earthquake effect 

< 3 5 

Earthquake recorded 
but not felt. 

3. 5 - 5.4 

Rarely causes damage, 
bu t felr, especially on 
the upper floors of 
buildings. 

5 . 5 - 6.0 

Slight damage possible 
to welt designed 
building bu t can cause 
major damage ro poorly- 
constructed buildings 
near die epicenter 

6.1-6.9 

Des true die in areas up 
to 60 miles from the 
epicenter. 

7 . 0 - 7.9 

Major earthquake causing 
serious damage. 

> SO 

A 'great earthquake', 
which can cause severe 
damage in areas over 
hundreds of miles. 


The concept of logarithm is not just an abstract mathematical idea. It has many practical 
uses, hi the past, before the invention of scientific calculators, mathematicians performed 
complicated calculations by first reducing large numbers to logarithms, and then referring to 
a table of common logarithms. Although today we rarely use logarithms in this way, they still 
have many other practical uses in the modern world. 

Let us look at some examples. 

A. THE RICHTER SCALE 

The Richter scale is a scale which is used to measure ground movement. It is commonly used 
to measure die strength of an earthquake: a higher measurement on the Richter scale means 
a more violent earthquake. The scale is actually a mathematical formula developed in 193b 
by the American geologist Charles Richter. The Richter number R of ground movement is 
given by die formula 

R = log" L 

where I is die intensity of die earthquake and f 0 is the minimum intensity that can be felt 
(called the reference intensity). Intensity is a measure of the shaking and damage caused by 
the earthquake, and this value changes from location to location. 


EXAMPLE 


43 


Solution 


The Chilean earthquake of 1960 measured 9.5 on the 
Richter scale. Compare its intensity with the intensity of 
the Marmara eardiquake of 1999, which measured 7.4 on 
the Richter scale. 


Let and I„ be the intensities of the Chilean and Marmara 
earthquakes, respectively. Then by the formula we have 


9.5 = log ra 
Consequently 


and 


7.4 = log 


J I II0 9 5 

-^ = 10 95 and —= 10 74 —= —-^- r = 10" 1 —126. 

h 4 h 10 

So the Chilean ear di quake was 126 times more intense 
then the Marmara earthquake. 


Location 

Bate 

Magnitude 

L 

Chile 

1 960 

9 5 

2 , 

Alaska 

1964 

9.2 

3, 

Andreanof Islands, 
Aleutian Islands 

1957 

9.1 

4 , 

Kam c-hatka 

1952 

9.0 

& 

Off western coast of 
Sumatra, Indonesia 

2004 

3.B 

a 

Off the coast of 
Ecuador 

1906 

3.7 

7, 

Rat Islands, 
Aleutian Islands 

1 955 

3.7 

& 

Northern Sumatra, 
Indonesia 

2005 

3.7 

& 

Indo-Chine se border 

1950 

8.6 


Kam chatka 

1923 

8.0 


W fcstifliquakes of the last ranttncy 


Remark 



An eardiquake of magnitude 7 on the Richter scale is ten times stronger than an earthquake 
of magnitude 6. 
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B. THE pH SCALE 


Substance 

PH 

Buttery acid 

<-° _ 

Gastric acid 

sa_ 

Lemon juice 

|2.4 

Cola 

|2,5 

Vinegar 

|2.S 

Grange or apple juice 

3.5 

Beer 

4.5 

Coffee 

5.0 

Tea 

5.5 

Acid rain 

<5.6 

Human saliva in 
cancer patients 

4.5-5.7 

Milk 

6.5 

Pure wig r 

7.0 

Human saliva 

6.5-7.4 

Blood 

7,34-7.45 

Sea water 


Hand soap 


Household ammonia 


Bleach 


Household lye 

13.5 


EXAMPLE 
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Solution 


EXAMPLE 


45 


Solution 


EXAMPLE 


46 


The pH (potential of hydrogen) scale is used in chemistry to determine the acidity or basicity 
of a solution. Solutions that are not very acidic are called basic. The pH scale has values 
ranging from zero (the most acidic) to 14 (the most basic). 

As you can see from the table on the left, pure water has a pH value of 7. This value is 
considered neutral: it is neither acidic nor basic. The pH of pure rain is between 5.0 and 5.5 t 
which is slightly acidic. However, when pure rain is combined with sulfur dioxide or nitrogen 
oxides produced by power plants and automobiles, the rain becomes much more acidic. 
Typical acid rain has a pH of 4.0. 

A decrease of 1 in pH value means that the acidity of the solution becomes ten times greater. 
For example, cola (pH 2.5) is ten times more acidic than orange or apple juice (pH 3.5). 

The pH scale is actually a logarithm of the form 
pH = -log[H + ] 

where [H + ] is the concentration of hydrogen ions in an aqueous solution in moles per liter 
of the solution. 

A solution of hydrochloric acid is 0.2 molar. Find its pH. 

Using the formula, pH = -log 0.2 = -(-0.698) = 0.7. 


Find the hydrogen concentration in beer if the pH of beer is 4.82. 


4.82 = - log |H + | 

|H + | = 10- 4iE =1.51 ■ ltr mol/L 


Calculate the pH of a lemon juice solution which is 5 ■ 10 3 molar. 


c c c c c 

It is simpler to use 
numbers (pH 4) than 
exponents 
([H + ] = 10^M) to 
describe acidity 


V V V V + 

pH < 7.0 

acidic 

pH = 7.0 

neutral 

pH > 7.0 

basic 


Solution pH = -log(5 ■ 10 ^ = 3 - log 5 = 2.3 
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C. THE DECIBEL SCALE 


The intensity levels of 

sounds that we can 

hear 

vary from very loud to 

very 

soft. Here are some examples 

of the decibel levels of 

some common sounds.. 


Sauce af sound 

dB 

Jet takeoff 

140 

Jackhammer 

130 

Rock concert 

120 

Subway 

100 

Heavy- traffic 

80 

Ordinary- traffic 

70 

Normal conversation 

50 

Whispe r 

30 

Rustling le aves 1 O- 30 

Threshold of hearing 

0 


The human eai is sensitive to an extremely wide 
range of sound intensities. The loudest sound a 
healthy person can hear without damage to the 
eardrum has an intensity 1 trillion (10 12 ) times the 
intensity of the softest sound a person can hear. 


Sound level is measured in decibels. The sound 
level P of a sound of intensity J (measured in watts 
per square meter) is defined by 


P =101og;— decibels, 



where J 0 = 10 12 watts per square meter is the least intense sound that a human ear can detect. 


EXAMPLE 


47 


Find the sound level of a jet engine during takeoff 
if the sound intensity is 100 W fur. 


Solution Applying the sound level formula, 

jS = 101og^ r =101ogl0 u = 140 dB. 
So the sound level is 140 dB. 



EXAMPLE 
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Determine the sound level of ordinary traffic if it is known that this sound is 100 times more 
intense than the sound level of normal conversation (50 dB). 


Solution The sound level of normal conversation is 50 decibels, so we use the sound level formula 
50 = 101og — and get log — =5. 

fn li 


*0 *0 

A sound 100 times as intense as I has sound level 1001. Thus die loudness of ordinary traffic 


is /J = 101og^!= 10 (logl 00 +log —)- 10(2 +log L> 


10 ■ (2 + 5) = 70 dB. 


Check Yourself 9 

1. Compare die intensities of the Mexican earthquake of 1985 (7.8 on the Richter scale) and 
the San Francisco earthquake of 1989 (7.1 on the Richter scale). 

2. Find the hydrogen ion concentration |H + | of milk, given that its pH is 6.3. 

3. The sound level of a moving subway tram measured 98 dB. Find its intensity m WAn~. 

Answers 

1. the Mexican earthquake was 5 times stronger 2. 5 ■ 10" 7 mol/L 3 6 ■ 10 “ 3 W/nr 

V' 
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EXERCISES 2.3 


A. The Richter Scale 

I, A scientist measured the intensity of an 
earthquake to be 120,000 times the reference 
intensity (minimum intensity). The scientist 
needs to report a Richter scale reading to a 
newspaper reporter. Which number should he 
give to the reporter? 


2. The San Francisco earthquake of 1989 measured 
7.1 on the Richter scale. Compare this with the 
earthquake in Indonesia in 1985 which measured 

6 . 8 . 


S, If one earthquake is 30 times more intense than 
another, how much larger is its measurement on 
the Richter scale? 


4. The Alaskan earthquake of 1964 had a magnitude 
of 8.6 on the Richter scale. How many times more 
intense was this than the 1999 Marmara 
earthquake which measured 7.4 on the scale? 


5* Use the Richter scale formula to find die magnitude 
of an earthquake with the given intensity 7 . 

a. 100 times die intensity 7 of J 0 

b. 10,000 tunes the intensity of I Q 

c. 100,000 times the intensity of J 0 

Logarithms and Logarithme Functions 


B. The pH Scale 

What is the pH of a solution whose concentration 
of hydrogen ions is 6.5 ■ 10~ fi mdes per liter? 


7* The most acidic rainfall ever measured occurred 
in Scodand in 1974. Its pH was 2.4. Find the 
hydrogen ion concentration of tins rain. 


8 . Most solutions have a pH value between 1 and 14. 
Find the corresponding range of |H + |. 


C. The Decibel Scale 

9, Find the loudness of a dishwasher that operates 
at an intensity of 10“* WAn~. 


10 , The intensity of a sound A is 50 times the intensity 
of a sound R. What is the difference between the 
two sound levels in decibels? 


11, A man hears a noise which has an intensity of 
10 -9 *. What is the sound level of the noise in 
decibels? 







ESTIMATING WORLD POPULATION 

Exponential and logarithmic functions are often used bv 
mathematicians to model changes in the real world. One 
example of such a change is the growth and decline of 
world population. Mathematicians can use a model to 
predict the population of our planet at a certain time in 
the future, or to estimate how different events in history 
might have affected world population today. 

Since the second century the population of the world has 
been affected bv outbreaks of a disease known as the 
bubonic plague. During the fourteenth and fifteenth 
centuries (1348-1405), the greatest bubonic plagues 
(known as the Black Death) spread in six waves from 
central Asia through India and North Africa to Europe and beyond. In these regions, approximately one-third of 
the population died from the disease. The plague caused a decrease in world population from 470 million people 
in 1348 to 370 million in 1400. 

We can use math to investigate what would have happened to world population if the 
Black Death had not occurred. How many people would there be on Earth now if 
nobody had died from the disease? 

The table on the left shows the estimated world population in the year beginning 
each century. We can use this information to create a formula which models the 
population growth in each century. The formula is P - P 0 ■ where t is the 
duration of the period, P 0 is the initial population of the 
period, P is the terminal population of the period and r is 
the population growth rate. Rewriting this formula in 

1 P 

terms of r gives us r = -■ hi — which is the formula for 
t P* 

the population growth rate. Using this formula with 
periods of 100 years gives us the table on the right. 

We can use these growth rates and the population figure 

for 1348 to predict the world population now if the Black Death had not occurred. 
To do this, we assume that all the other events between 1348 and 2000 were the 
same. 

As we can see from the table, if the Black Death had not occurred then in the year 
2000 there would have been 9.45 billion people, or twice the world's current 
population, living on the planet. 


Population Growth Kates 


Interval 

7 


1200-1300. 

0.82 x 

lcr* 

1300-1348 

4.40 X 

ltr 5 

1400-1500 

1.96 x 

10' 1 

1500-1600 

0.85 x 

itr J 

1600-1800 

3.10 x 

icr J 

18001900 

5.64 x 

10"’ 

i 19002000 

h_ 

13.30 x 

1Q- J 

_ A 


E s tim a te d ^brld Ipopula ti on 

L_ A 

r Year 

L 

Population 

r 1200 

0.35 x 10 s * 

1300 

0.38 x 10 s 

1348 

0.4? x 10 s 

1400 

0.37 x 10 s 

1500 

0.45 x 10" | 

1600 

0.49 x 10 s 

1700 

no accurate 

estimate available 

1800 

0.91 x 10 s 

1900 

1.80 x 10 s 

, 2000 

L,_ 

6,05 x 10 s 

_ A 


P: • • 

i popul~non 

widnoui 

t Hack Death 

Year 

L- 

Population 


0 5S x 10 s 41 

1500 

0,78 x It? 

1600 

0.78 x It? 

1800 

1 45 x 10* 

1900 

2.50 X 10* 

2 OX 

k._ 

9.45 x 10 s 

_ A 












CHAPTER 2 SUMMARY 


1. Logarithms 


* The logarithm of a number N to a base a is the power to 
which a must be raised m order to obtain N, More 
formally, for a > 0, a * 1, and x > 0, the real number y 
defined by y = log x <=> x = a* is called the logarithm of 
x to- base a 


* of** x - x is called the fundamental identity of logarithms 

* Logarithms are not defined for negative numbers and zero. 

* Logarithms to base 10 are called common logarithms. We 
write log x to mean the common logarithm of x. 

* Logarithms to the base e are called natural logarithms. 
We write In x to mean the natural logarithm of x. 

* Properties of Logarithms 

1. log a = 1 2. log, 1 = 0 

3. Iog(x ■ y) = log x + log, y 4. log, x m = m ■ log, x 


4a - }og a —=-n-\og a x 

X 


4b. log fl m 4x 7 = —■ log ffl x 


d log a (—) = log fl x-\og a y 

y 


!og fl X : 


. ^g b X 


\og b a 
3b log, b ■ log, a = 1 


6. log . x ra = —-log a x 
n 


7a. log a b 


log b a 

8 b'“- c =c'°‘‘ b 


2. Logarithmic Functions 

* For a > 0, a & 1, a function f (0, ™) -o R defined by 
fix) = log x is called a basic logarithmic function with 
base a. 

* The graph of a basic logarithmic has one of the following 
general foims. 



* Properties of flhe Basic Logarithmic function fix') = logx 

1 The domain is is the set of positive real numbers. 

2 The range is the se t of all real numbers. 

3 If a > 1 then the function is strictly increasing. 

Logarithms arid Logarithmc Functions 


4. If 0 < a < 1 then the function is strictly decreasing. 

b. The y -axis (x = 0) is a vertical asymptote of the graph off 

6. The graph of/has no ^-intercept, and the x-mtercept is 

( 1 , 0 ). 

7 (1, 0) and (a, 1) are two points on the graph off. 

* If both a and x are from the same interval (G n 1) or (1, °°) 
then log, x > 0, otherwise log x < 0. 

* Logarithmic functions aie bijective. Logarithmic and 
exponential functions are inverse functions. 

* log x = log y <=> x = y 


3. Simple Variations of Logarithmic 
Functions 

* A function of the form/(x) = c ■ log[d(x -b p)] -b ft wheie 
a , c, p, d and ft aie real numbers with c, d * 0 is called a 
logarithmic function with base a. 

* The graph of a logarithmic function can be obtained by 
transforming the graph of a basic logarithmic function 
g(x) = logx. 

* Fora function g(x) = c ■ log[d(x -b p)] + ft, the different 
constants have the following effect on the graph of 
fW = lo-gx: 

- ft repie sents a vertical shift. 

- p represents a horizontal shift. 

- c repre sents a vertical shrink or stretch. 

- d represents a horizontal shrink or stretch. 

* Any point (x, y) on the graph of fix) moves to 

x 

(—p, c y- bft) for y = c ■ log[d ■ (x + p)] -b ft. 
d 

* Properties of flhe General Logarithmic Function 
fix) = c ■ log fid ■ (x + p)] + ft 

1 The range is R. 

2. x - -p is a vertical asymptote. 

3. If c < 0, a reflection in the y -axis occurs and the domain 
of/becomes (-«>, -p), otherwise the domain is (-p, «). 

4 (—-p n ft) and (—-p T c-bft) are two points on the graph 
d d 

off 














Concept Check 


* The following table shows how the values of c and d affect 
the behavior of. fix) = c ■ logjd ■ (x + p)] + k 


c 

d 

a > 1 

0 < a < 1 

4 

T 

X = 

= -p . 

( 

X = 

= -p 

1 

v 

+ 

- 

X : 

T 

i 

= p 

X - 

1 

J 

= p 

- 

4 

Jt = 

= -p 

X 

= -p 

( 

- 

- 

JC = 

1 

J 

= -p 

X - 

1 

= -p 


4. Applications of Logarithmic Functions 

* In the past, before the invention of scientific calculators, 
mathematicians reduced large numbers to logarithms 
and then performed calculations by using a table of 
logarithms. 

* The Richter scale is used to measure the strength of 
ground movement. It is defined by the formula 
R = log—, where R is the number on the scale, l is the 
intensity of the movement, and is the minimum 
intensity that can be felt. 

* The pH gcale is used to determine the acidity of a 
solution. It is defined by a logarithm of the form 
pH = - log[hT + ], where [H + ] is the concentration of 
hydrosn ions in a solution in moles per liter 


* The decibel scale measures sound levels in decibels. A 
sound level /J is defined by /J = 10-log— dB, where f is 
the intensity of the sound and / 0 - 10' L " W/m" is the least 
intense sound that a human ear can detect. 



1 What is a logarithm? 

2 Why are logarithms useful? Give two examples. 

3. What are the existence conditions for logarithms? 

4. What is the fundamental identity of logarithms? 

b. Name two special types of logarithm 

6. Is it true that log^ (x ■ y) = log a x 4 log^ y for all real 
values of a; and yl 

7 How can we evaluate a logarithm to a base other than 10 
using a scientific calculator? 

8. State the Chang* of Base formula properties for logarithms. 

9. Define the basic and general form of a logarithmic 
function. 

10. How does the base of a basic logarithmic function affect 
its graph? 

11. What kind of asymptote do logarithmic functions have ? 

12. Describe the monotony of basic logarithmic functions. 

13. When does a basic logarithmic function have negative 
values? 

14. When does a basic logarithmic function have values 
greater than 1? 

lb. State the common properties of basic and general log¬ 
arithmic fun c tion s . 

16. How do the values of c and d affect the graph of a general 
logarithmic function of the form 

fix) = c ■ log a [d(x 4 p)] 4 kl Describe the effect of the 
other constants. 

I! 7 To which point will (x 0J y Q ) on the graph of fix) = log^x 
move on the graph of y - 2 ■ log fl (bx - 1) - 3? 

18. How do we measure the magnitude of an earthquake? 
State a formula. 

19. How do we measure the acidity of solutions? 

20. Describe one more practical application of logarithms. 

Logarithms 























JL Wiiat is the inverse of the logarithmic function 
fix) = logos’ + 1)? 

A) f-\x) = 2 1 - 1 B) f-\x) = 2*- 1 

C)T\x) = 2' + 1 D)/ _1 (x) = 2 I + 1 

E)f- 1 (x) = 2*-2 

% Which of the following points is on y=2 + log 3 x ? 

A) (2, 1) B) (2, 3) C) (3, 1) 

D) (3, 3) E) (9, 3) 

3, What is the largest possible domain of 

f(x) = log 4 (2* +1)? 

, 1 l v , 1 , , 1 

A) B) (--.<■) C) 

,1 x ,1 x 

D) (—, «) E) (-, <>°) 

4, Which function has the 
graph shown opposite? 

A) / (x) = log j x 

w 

B) f(x) = logj x 

T 

C) /(*) = log i * 

D) f(x) = log,* 

E) fix) - log 4 .v 

5, Calculate log; 32. 

A) 1 B) 2 C) 4 D) 5 E) 6 



6 , Solve log 4 * = — for 

A) 42 B ) \J4 C) M2 D) 2 E) 6 


7. log,. 81 = -4 is given. What is x? 


A) 


B) 


C) 


D) 3 


E) 9 


8 . What is the logarithm of 125 to the base 5? 

A) 5 B) 3 C) 2 D) 1 E) - 

3 


9* Which of die following statements is/are true for 
the logarithmic function f(x) - log 2 x? 

I. /( x) is increasing for all x e M. 

II. f(x) has a range of K + . 

HI. /(I) = 0 
IV. /(3) = 3 

A) I and II B) II and III C) I and III 
D) only III E) only II 


10 , What is the largest possible domain of 
fix) = log, (5* -7)? 

A) (1,«=) B) (0. ^ C) (0, 7 ~) 


D ) (—, °°> 
5 


E) (i, h 

5 


















1L Calculate log 


1 


1000 

A) -4 B) -3 C) -2 D) 0.001 E) 2 


16, log, a — — Is given. Find a. 

3 

A) 4 B) 8 C) 16 D) 2 s 


E) 2 


12, Given that /( a ) = log(2x 1) T what is/ ^2)? 


A) 


103 

2 


101 99 

B) 51 C) — D) 50 E) — 


13. Which graph shows ij - In a? 



14, Given/(x) = In x and (g °/) (x) — x T find g(x). 

1 x 

A) 10* B> — C) - D> e 1 E) e 1 + 1 

e’ lux 


a . 1 ■ ir 

17, Which expression is equal to log -—? 

z 

A) log x 4- 2 log ij - 1-3 log z 

B) log x 4- 2 log ij - 3 log z 

C) log(x + 2 y- 3z) 

D) log x 4- 2 log ij —log z 

3 

E) log x 4- 2 log ij — log- 


118. log 3 = a, log 5 = h and log 210 = c are given. 
Write log 7 in terms of a t h and c. 

A) c - a - h B) c - a - 1 

C) c - a - b 4- 1 D) c - a - b - 1 

E)c-a + 1 


19, Which expression is equal to In —=? 


A) —111 3 
3 


B) -in 3 

2 


C) -1113 
3 


D) --(ln3-l) 


E) -(lii3-l) 


15. Evaluate log 1000 - lii e~ - log 4 64. 

A) -3 B) -2 C) -1 D) 2 

w 


E) 3 


20, Evaluate 


1 


log^ 6 log^ 6 log 4 6 
A) log s 3 B) log 3 6 C) 0 D) 1 


E) 2 


u itihrw 

























1. Evaluate log„ -2 *j2. 


A) 


B) 


C) 


D) 


E) 


2, log 2 = a and log 3 = b aie given. What is logglS 
in terms of a and b? 


A) 


i-a + 1 


a + b 


B) 


a - li +1 
a+ b 


C) 


a - b -1 
a +1 


D) 


g-t-1 
a +2 


E) 


a +I> 
a +b + 1 


3, A triangle ABC has sides a = log 4, b = log 20 and 
c = log 125. What is its perimeter? 


A) 4 


B) 5 


C) 6 


D) 7 


E) 8 


4. Evaluate log s 16 -log s 27 + logTlO - Intfe. 


A) 


B) 


C) 


D) 


E> 


12 


5. Which expression is equal to In jc + hi ij - In z ? 


A) ln(x + y - z) B) In 
D)ln(*j/-z) 

Chapter Rmtttt Tfnt 2s 


X + IJ 


C) In 


xy 


III (x-tij) 

111 z 


6. Evaluate log^ 9 + log fi 12 + log e 2. 

A) 3 B) 6 C) 9 D) 10 


7. Calculate 9 a if a = log 3 5. 

A) 81 E) 25 C) 15 D) 9 


8, Evaluate log 7 8 ■ log i 7 ■ log 7 10. 

A) log 7 E) lit 7 C) In 10 D) log 7 10 


Write 21og a + log b - log(*z + 2b) as a 
logarithm. 

a-irb 


A) log 


(i + 2b 
D) log(a - b) 


E) log 


2 

E) log 


C) log 
a~b 


a + 2b 


ID, What is the common logaritinn of 


(Q.4) s 


20 4 


A) -2 B) -4 C) -6 D) -8 


E) 12 

E) 13 

E) 1 

single 

2a -I- b 
a + b 


E -10 


















1L Calculate log 50 if log 2 = 0.301. 


A) 1.701 B) 1.699 C) 1.30 D) 0.699 E) 0.602 


16, a■ — logn 5, b — log- 4 and. c = log 3 8 are given. 
Wlilcli statement Is true? 

A) b < a < c B) c < a < b C) b < c < a 
D) c < b < a E) a < c < b 


12. a - 13.72 and b - 13720 are given. Wiiat Is 
log a -log jt? 

A) -5 B) -4 C) -3 D) -2 E) 0.01 


17, Evaluate log I6 27 ■ log I3 - 32 ■ log 9 625. 





18, How many Integer values of a satisfy the 
existence conditions for log 7 _ ffl (a + 9)? 

A) 17 B) 16 C) 15 D) 14 E) 13 


IS, Evaluate 
1 

A) - 


1 


1 


log, 4 30 log^30 log 6 30 
1 


B) 


C) 1 


D) 2 


E) 3 


14, Evaluate ^. 

A) Ijz E) v/3 C) 3 D) 3^3 E) 9 


19. Which figure shows the graph y — 2 X -t 1? 



15. If log m ii - x, what is log m m in terms of x? 


A) 


1 

x -1 


B) 


x 

X + 1 



W 


20, What is the inverse of f(x) = (0.2)^ + 1? 

A) / _1 (x) = 1 + log 5 x B) f-\x ) = 1 + log,. 5 

C)f'\x) - log s Qr - 1) D) f-\x) - log-(A’ + 1) 

E) / _1 (*) = -1 + log 5 a: 


D) —Af - 1 


E) a; + 1 




























E > 10 s- 


I„ If log, b = log,, c = log t a, what is 
log a c + log s a + log,, a? 

A) | B) 4 C) 3 D) 2 E) | 

2, Which function could have y + 
the graph in the figure? 

A) /(*) = log i (*-3) 

3 - 

B) /(*) = lofeC* - 3) -1 

C) /(*) = loSi_(*-3) 

rt 

D )/(*) =1o£,(*-3) 

E) /(*) = -3 + log j x 

3 

3 , p - log. 9, q - log 3 83 and r - log. 123 are given. 
Which statement is true? 

A) p > r > q E) q > p > r C) r > q > p 
D) r > p > q E) q > r > p 




23 * 2 - ^ 1 

5, Given x = log. 3, calculate -. 

2 1 - 2“ 1 



B) 3 



D) 10- 

7 


log 3 2 = a is given. What is log 4 6 ? 


A) 


2 a 
a -1 


B) 


a +1 

“27" 


C) 


a +1 

a -1 


D) 


tf - 1 

“2a~ 


E) 


2a 
a-$r 1 


7. In the triangle ABC 
shown opposite, 

rn(ZA) = (45 logg r)°t 
m(ZB) = (90 logg x) and 
m(ZC) = (180 log* Vz)°. s 
If log,. . y = -3, what is y? 



A) 36 E) 72 C) 144 D>216 E) 256 


8. Which statement is false ? 

A) -l<log A<o B) 1 < log 11 < 2 

9,9 

C) -3 < log A- < -2 D) -3 < log 0.07 < -2 
E) 3 < log 2 10 < 4 


9. Evaluate log 

A) 7 


100 3 ■ Vo.0001 


o.or 

B) 8 C) 9 


D) 10 


E) 12 

v/ 





































10, If log 2 = 0.301, how many digits aie there in the 
number 25 4 ■ 8 1S ? 

A) 22 B) 21 C) 20 D) 19 E) 18 


11. If log(a + b) = log a + log b, what is a in terms 
of b? 


A) 


b +1 




D) 


b -1 

ITT 


E) 


1 -b 

TT 


16. 


Which function could have 


j 

y 

i 

the graph in the figure? 



1 



-2 

.3 -fs 


o i 


2 




B) /(^) = log 1 (x + l) 

*r 

D) f(x) = log„(A- + 2) 
log 1 (x -2) 


A) f(x) = logj (x +2) 

C) /(*)^1os l (3s-1) 

a 

E) f(x) = 


2 


\% fix) - 3* 3 and g(x) - log 3 (5£ - 3) are given. 
What is p if (f ° g)(p) = 3? 

A) 3 E) 5 C) 6 D) 9 E) 15 


17* fix) - 3\ ig °f)(x) - 2x 1 and g(p) =3 are 
given. What is p? 

A) - B) /3 C) 3 D) 9 E) 27 
3 


13, If log 72 = a and log 2 = b, what is log 3 in terms 
of a and b ? 


A) 


2 a + b 


B) 


a-3b 


C; 3 a - 2b 


D) 2a + 3 b 


E) 


l»-2a. 


18. How many digits does x have if 
Io&(log 3 (log(5A:)» = 1? 

A) 5 B) 6 C) 8 D) 9 E) 10 


14, Evaluate 



A) 27 B) 18 


C) 9 D) 6 E) 3 


19. What is x + y + z if log ; (lo^(log 4 x)) = 0, 

loggClog^aogn y)) = 0, and log 4 (log,,(log 3 ?.)) = 0? 

A) 50 B) 58 C) 71 D) 89 E) 111 


16. What is the largest possible domain of 
/(*) = ^-log 3 (x + 4)? 

(-4, 3| B) (3, 9| (-4, 5| 


20. Calculate x~ + y~ given log^x 
log x- log4 


y) = 5-log,(v + y) 


and 


log y- log 3 


D) (-3, 9| 


E) (2 f 5| 


A) 40 B) 48 


C) 60 D) 74 


E) 90 




















1, Calculate log 0.09 If log 3 = 0.4771. 

A) -2.9542 E -1.9542 C) 0.0458 

D) -2.4771 E) -1.0458 


@L What Is the sum of the Integers In the largest 
possible domain of/(x) = log^ : (7 - x )? 

A) 18 E) 20 C) 23 D) 24 E) 28 


2, log. x = 98 1 log 3 y = 56 and log- z = 42 are given. 
Which statement is true? 

A) z < y < x E ) z < x < y C) y < z < x 
D) y < x < z E ) x < z < y 

3, f(x) = 1 4 - hi x t g(x) = x- and (f ° g)(a) = (y ° f)(a) 

are given. Find a. 

A) - B) 4e C) e D) e~ E) 1 
e 


4 . Calculate ^25 lo ** s +49 la " 7 . 

A) 7 B) 10 C) 12 D) 14 Et 28 

5. Calculate log 25 using log 2 = 0.30103. 

A) 0.48856 B) 0.69897 C) 1.29897 

D) 1.39794 E) 1.42765 

haptwr Mmmm Tart 2D 


7 , log 5 = x t log 3 - y and log 2 = z are given. Write 
log 1800 in terms of x f y and z. 

A) x 4 - 2 y + 3z B) 2x 4 - y 4 - z 

C) x 4 - 2y T z D) 3x 4 - y 4 - 2z 

E) 2x 4 - 2y 4 - 3z 


8. l(Log x + log y) - logl l(.v+ y)\ aie given. What is 
(x-yf? 

A) 2 xy B) 4xy C) r 6xy D) Qxy E ) 9xy 


9, How many digits are there in 9 l3 if log 3 = 0.477? 
A) 12 E) 13 C) 14 D) 15 E) 16 


10 , How many natural numbers are there in the 
largest possible domain of / (x) = ^bi(4 - x) ? 

A) 1 E) 2 C) 3 D) 4 E) 5 

W 










11, /(a) - log 3 (x -2) is given. Which figure shows the 
graph of/" 1 (a-)? 



15, log 3 (<? ■ b) = 7 and log 3 — = 1 are given. What is 


log, b? 
4 

A) - 


B) 


2 

C) 

3 


D) 


E) 


16, Evaluate 4 loa, “^+log^ ^"). 


A) 1 


B) 2 


C) 3 


D) 4 


E) 5 


17 . If p (/(a)) = a 1 /(a 1 + l) t what is p(p(. In a))? 

A) In (a 1 4- 1) ■ hi (a 1 + 2) B) a 1 ■ In (a I- 2) 

C) (x + 1) ■ In (a + 2 ) D) x ■ In (a + 2) x +1 

E) (x + 2) ■ In (a + l) 1 


loaifla a loaitm * 

18, Evaluate (b loia a lo * b f 

A) a R) b C) a + b D) a - b E) a ■ b 


IE, Given log 7 13 - a andlog 13 17 = b , write log I7 7 in 
terms of a and b. 

1 a b 

A) - B) a + b C) — D) a ■ b E) — 

a ■ b b a 


13, Evaluate logn 3 ■ log 3 4 ■ log 4 5 ■ ■ log e3 64. 

A) 2 B) 3 C) 4 D) 5 E) 6 


19, In the triangle ABC shown 
opposite, AD, BE and CF 
intersect at a point. Use 
the measurements in the 
figure to calculate a. 


A) 0 B) In e 


C) lri- 

€ 


,4 



14 , log 3 29 -a t log t 29 = 2 andlog 43 c — — are given. 

2 

Which statement is true? 

A) a < c < b B) b < c < a C) a < h < c 
D) c < a < b E) c < b < a 


20. What is ^(log2)" + (log i) * ? 


A) 0 


B) log 72 


C) 72 log 2 


D) log(-) 


E> ^log(I) 


VtD2/ 

































































A. EXPONENTIAL EQUATIONS 


All exponential equation is an equation in which the unknown appears only in the exponent (s). 
For example, 3* + ~ = 1 is an exponential equation, but x ■ 3 s = 3 is not an exponential equation. 
A solution of an exponential equation is a value of x which satisfies the equation. The set 
which contains all the solutions of an exponential equation is called the solution set of the 
equation. Two exponential equations are said to be equivalent if they have exactly the same 
solution set. Solving an exponential equation means finding its solution set. 


c c c c c 

If fix) is one-to-one then 

fix) = fly) = y 

For fix) = a\ 

a T - = a - x = y. 


There is no single method that we can use to solve all exponential equations. However, we can 
apply some principles to solve certain types of equation. Let us look at these different types in turn. 

1. Equations of the Form a fw - a Q<x) 

Since exponential functions are one-to-one, = a 3lx) means/(x) = g(x). So the equations 
f(x) = g(x) and a f<x] = are equivalent: they have the same solution set. 


EXAMPLE 


i 


Solve each equation for x. 

a. 2 3 * = 2 9 b. T* 9 = 7 s * -15 


c. 


, 3 v3*-10 _ ,11^71-10 

k Ty ~ ( Y > 


Solution a. 


QQQQ C , h 

* y is the multiplicative 
inverse of x if x ■ y = 1. c 



The expressions on each side of the equation have the same base (2). So we can simply 
equate die exponents: 

2 31 = 2 9 ** 3.v = 9 * = 3. 


Since the bases are die same, die exponents must be equal. So we can write x + 9 = 2x - 15, 
which gives us x = 24. 


3 11 

First we need to make the bases equal. Since — is the multiplicative inverse of —, 

11 3 


f 3 3 k _iq _ .11,7i-10 f 3 Ss-lO 

‘it* "‘y* "'it 1 


^ 3 ytfx-lQ) ^^ 3 v 3s-10 


11 


11 


IT 


Now we can solve the equation by equating the exponents: 3x — 10 = 10 - 7x ^ 
lOx - 20 <=^ x - 2. 



Check Yourself 1 

Solve each equation for x. 


a, = 2 I+1 b, 

Answers 

a. U) b. 




1 

le 


c. 3~* +1 = 3- s d. 3 I/2 ■ 5' r - = 225 


c. {-1} d {4} 


Logarithms 









2. Equations of the Form & v - b 


cc ccc 


Notice that the equation a ftj;) = b has no solution if b < 0 because exponential numbers of the 
form a f(x) are strictlv positive. 

If b > 0 then we can solve a ffx ~ - b in one of two wavs: 

1. If we can write b easily as a power of a then the equation becomes a m = a 77 , which we 
can solve as shown previously. 


2. We can write/(x) = log^ and solve this logarithmic equation. 


EXAMPLE 


Solve the equations. 

a. 3 1 " 1 = 4 b. 2*" = 3 


c. Z*- 3 = -l 


Solution a. By writing the equation in logarithmic form, we get 
3*" 1 = 4 « x - 1 = log 3 4 x = log 3 4 + 1. 

We can keep the solution in this form or we can write it as a single logarithm: 
x = log 3 4 +- log 3 3 « i = log 3 (4 ■ 3) <=> x = log 3 12. 

b. 2* 2 = 3 <=> x" = log, 3 <=> x =+ ^Log ; 3 

c. Since -1 < 0, the equation will have no solution. So the solution is the empty set. 


\og a a - 1 

log, x+log, y = log fl (x ■ y) 


Check Yourself 2 

Solve tiie equations. 

a. 2 a “ s = 3 b. 3 I+2 = 5 c. 2 ^ = -2 d. (3* - 1)(3* + 1) = 0 

Answers 

a. {log s 12} b. {log 3 -} c. 0 d. {0} 

9 


3. Equations of the Form ci x) = }f x ' 

If an equation has the form a f{x) - b g{l) and the bases a and b cannot be equalized easily we 
can take the logarithms of both sides to a convenient base (usually base 10) and then solve 
the new equation. 


EXAMPLE 


Solution 


Solve the equations. 

_ rix+1 ox—5 


b. T 



Since the bases are different, we take the common logarithms of both sides: 
log (2* +1 ) = log (3*- a ) (x + 1) ■ log 2 = (x - 2) ■ log 3 

(x ■ log. 2) + log 2 = (x ■ log 3) - 2 ■ log 3 log 2 + (2 ■ log 3) = (x ■ log 3) - (x ■ log 2) «■ 

log (2 ■ 3 s ) = x ■ log ^ ^x = l0£ ^ <=> x = log 3 18. 

log — 2 


Exponential and Loganlhnic Equations and Inequalities 


J 05. 













b. Taking the common logarithms of each side, we get 

2 1 ' 1 ■ 5 I+3 = 3 o log (2*' 1 ■ 5 1+3 ) - log 3 «=>log 2’" 1 + log 5 I+3 = log 3 <=> 

(x - 1) ■ log 2 + (x + 3) ■ log 5 = log 3 « 

(x ■ log 2) - log 2 + (x ■ log 5) + 3 log 5 = log 3 «■ 

6 

X ■ (log 2 + log 0) = log 3 + log 2 - (3 ■ log 5) <=► * ■ log (2 ■ 0) = log —— , i.e. 

--.- > 1 25 

, 6 

x = log-. 

125 

Check Yourself 3 

Solve die equations. 

^S + l ^ - J IJS+J JJ5 - J ^ 

Answers 

a. {log 35 15} b. {log 9 5> 

T 


c. 2" s ■ 3 3 * = 5 is ■ 7 ? * 

c. {0} 


EXAMPLE 


4. Working with Exponential Equations 

Not all exponential equations fall into die three categories we have seen. If an equation is in 
a different form, we use methods such as factorization, substitution and division to obtain an 
equivalent equation which we can solve. 

Solve the equations. 

a. 3" 1 - 3" = 72 b. 4* - 2 I+4 + 48 = 0 


Solution a. By rewriting the given equation as (3*)' - 3* = 72 and using die substitution ij = 3\ we 
get the quadratic equation 

if - y = 72 ^ y 2 - y - 72 = 0. 

We can solve this by factorization: 


cc ccc 

a" > 0 


b. 


(y - 9) ■ (y + 8) = 0 <=> y l = 9 and y. = -8. 

Now we must be careful. Since y - 3* is always positive, we must reject the negative 
solution y p — -8. Only y = 9 will be used to solve the original equation: 

3 s = y = 9 « 3* = 3 2 ** x = 2. 

So the solution set is S = {2}. 

First we rewrite the equation: 

4* _ 2 ,+4 + 48 = 0 <=> 2 s * - (2 4 ■ 2 s ) + 48 = 0 <=> (2*) 2 - (16 ■ 2 1 ) + 48 = 0. 



Now we can substitute ij = 2 V and get a quadratic equation: 

if- - 16y + 48 = 0 <=> (y - 4) ■ (y - 12) = 0 <=> y 1 - 4 and y„ = 12. 

Back substituting both y - 4 and y - 12, we get 

2* - y - 4 T - 2~ ^ x - 2 and 2 x - y - 12 ^ x - log. 12. 

So the solution set is S = {2, log. 12}. 

_ Loganfhmi 







Check Yourself 4 

Solve the equations. 

a, 4’ - (9 ■ 2 1 ) + 8 = 0 b. 25" + 5" +1 -50 = 0 

Answers 

a. {0, 3} b. {-1} 


EXAMPLE 


5 


Solve 3 3 * + 3 1 - 3 *- 4 = 0 for*. 


Solution 


, 3 „ 

If we substitute 3 = ij t we get y-t — 4 = 0 t l.e. y~ - 4y + 3 = 0. 

y 

Factorizing this as (y - 1) ■ (y - 3) = 0 gives us the solutions y 1 = 
solutions are positive, we need to solve both 3 3 * = 1 and 3 3 * =3: 

3 3 * = 1 <=> 3x = 0 x - 0 and 3 3 * = 3 3jr = 1 <=> 

So the solution set is S = {0, —}. 


1 and y„ = 3. Since both 


1 

x - —. 
3 


Check Yourself 5 

Solve the equations. 

a. 2* +1 - 2-" =7 b. (2 + V3) 1 + (2 - V3)■ = 14 

Answers 

a {2} b. {-2,2} 


EXAMPLE 


<jS' Solve the equations. 


a. 2 s+4 + 2 I+a 


+ (3 ■ 5 1 ) b. 4* -3 =3 2 -2" 


Solution a. 2 X+4 + 2* + - = 5 X+1 + (3 ■ 5 1 ) (2 X ■ 2 4 ) + ( 2 X ■ 2") = (5 1 ■ 5) + (3 ■ 5 s ) 


2* ■ (16 + 4) = 5* ■ (5 + 3) <=> 


8 ,2 

— <=> (—) 
20 5 


-<=>* = 1 


5 20 5 5 

b. We begin by rearranging the equation so that similar bases are grouped on the same side: 


4* - 3 s = 3 I+S - 2-*- 1 » 4 " + 2-*- 1 = 3 I+ - + 3 "' a 4* + — =( 3 * - 3 a )+ +- 

2 3^ 

4 ' + + 3 '^+« 4 4 ' <1+ ^ 3 '^+>« 

3 4- = 4 . 3- « il= f « (!)■='= « ,= i. 

2 tJz 3 1 3 _ 3 3^3 V27 3 2 
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Solve the equations. 

a. 3* +I ■ 5* = 2^ ■ 


b. 5 * ir 5 X+I + 5 X+ - = 3* It 3 x+i + 3 X+ * 


EXAMPLE 


Answers 
ri 49, 

a - { l0 Sl5—> 
2 A 6 


7 / Solve the equations. 


a. 9 * + 4 * = -- 6 1 
2 


b. Uog 5 ^-} 

3 61 


11 1 

b. (10 ■ 25*) + (10 -4*) —(29 10*) = 0 


Solution a. 9 J +4 1 = -- 6 " 3 s * + 2 a " -2 1 ■ 3 1 = 0 

2 2 

Let us divide both sides by 2 s * (note that 2^ ^ 0): 

3 2i 2 s 
2 ^ + 2 ^ 

3 5 

Substituting #=(—)’, we obtain JT- — £/ + l = 0 or 2y~ - 5y + 2 = 0, which we can 

2 2 

factorize as (2 tj - 1 )(y - 2 ) = 0 . 

This equation has solutions y 1 = — and y ? = 2, which are both positive. So we solve 


"5 

2* ■ 3* ~ 

0 A^i 

5 3 . 

_2 

2 a ‘ J 

— —q— (—) +1 — 

2 2 

— (—) 

2 2 


y-{—Y considering both cases: 
2 


11 3 

O r = - <=> x = log 3 - (i.e. x = -log 3 2 ) and (-)* = 2 « * = log, 2 . 


cl 

2 ' 2 


hi conclusion, the solution set is S = {±log,2}. 

a" 

b. Following similar steps, we get 

1 1 1 o 1 „ 1 

(10-25O + (10 -4 r )-(29 -100 = 0 <=> (10 ■ 5" '*) + (10 ■ 2" '«) - 

i i i 

Dividing both sides bv (5 ■ 2)* = 5* -2* gives us 


29- (5- 2)* 


= 0 . 


5 - 


2 - 

10 ■ (-) 1 

L 2 J 

+ 

10 ■ (-)■ 

L b J 


-29 = 0 <=> 


10 


10 




-29 = 0. 


.5 1 


Substituting (—y = y f we obtain 
10 

lQy-t- -29 = 0«10a/ a: '-292/+10 = 0 <^(5 ij- 2 ) (2 y- 5) = 0 . 

2 / 



, 103 























This has solo nous y 1 - — and . Therefore, we solve the equations 

3 2 


2 3 2 


( | )_I ** " 


-1 x- 


-1 and (— V 
2 


3 1 

— £=> — 
2 a: 


1 <=^ A 1 = 1. 


Hence the solution set is S = {+!}. 


Note 

We can generalize the approach we used in the previous example as follows: for an 
exponential equation of the form (p ■ + (q ■ b*^) T (r ■ a m ■ b Kl) ) - 0, we divide bodi 

sides bv any of its terms (excluding the coefficient) in order to obtain a known tvpe of 
equation (quadratic, cubic, etc). 

For example, dividing all terms bv h m ** gives us P ■ -i- r ■ (^) /u 1 + ^ = 0, which becomes 

a quadratic equation (p ■ z/“) + (r ■ a/) + q = 0 witli die substitution y = Bv considering 

only the positive solutions to this equation (y — (—) /(l) > 0) t we can solve the original 

b 

exponential equation using (—) /(l) = y. 

j b 
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Solve die equations. 

X 

a. (3 ■ 16*) + (37 ■ 36*) = 26 ■ 81" b. (4 ■ 3 1 ) - (9 ■ 2 s ) = 5 ■ 6 r 

Answers 

a. {h b. {4} 


EXAMPLE 


8 


Solve 2 3l+1 + 1 = 4 1 + 2 1+1 for x. 


Solution 


2 a ' +1 + 1 = 4 * + 2 1+1 <=> ( 2 1+1 ■ 2 " J ) + 1 - 2 s * - 2 1+1 = 0 <=> 

(2 s * ■ 2* +1 - 2 2 ") - (2* +1 - 1) = 0 o [2" J ■ (2 1+1 - 1)| - (2 1+1 - 1) = 0 « 

(2 1+1 - 1) ■ (2 21 - 1) = 0. 

Solving for each factor, we get 

2 1+1 - 1 = 0 <=> 2 I+1 = 1 <=> A" + 1 = 0 <=> a = -1 or 

2* - 1 = 0 <=> 2 31 = l«2x = 0»r = 0. 

So the solution set is S = {-l t 0}. 
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Solve die equations. 

a. 5 1+21 + 6 1+1 - 150 1 = 30 

Answers 

a. {log, 5, log ; - 6} 

Exponential and Logarith nic Equation! and Inequalities 


b |9 ■ (9 1 + 9^)1 - |3 ■ (3 s + 3")| = 72 



b. {-1,1} 





5. Exponential Equations with a Unique Solution 

When we are asked to solve an exponential equation of the foiin/(%) = c m which/(x) is strictly 
monotone (either increasing or decreasing), note that the function will have the value c at a 
unique value of x. Therefore, if we can identify a value of x which satisfies the given equation 
using any method (even bv guessing), we can conclude that it is tile only solution to the equation. 

We can apply a similar logic to equations of the form f(x) = g(x ) where / and g have 
different behaviors. In other words, if one function is strictly increasing and the other is 
strictly decreasing then we can say that this equation has a unique solution. 


EXAMPLE 


9 


Solve the equations. 


a. 3* + 4" = 7 b. 3* T 4* = 5 s 


Solution a. Since an exponential function with base greater than one is strictly nicreasing and the 
sum of two strictly increasing functions is also strictly increasing, we can say that 
3" T 4* is a strictly increasing function. In addition, the right-hand side of the equation is 
a constant number. Therefore the equation has the form f(x) - c for a monotone function 
f(x) and there is a unique solution for the given equation, hi addition, notice that for 
x = 1 T 3* + 4* = 3 1 + 4 1 = 7. So x = 1 is the unique solution for this equation. 


b. Both sides of the equation are strictly increasing functions, so we cannot come to any 

3* 4 X 

direct conclusion. However, if we divide both sides bv 5\ we obtain_-i-_= i 

3 4 '5* 5 s 

or (-) 1 +(-)*= 1- 

5 5 


Since the left-hand side is the sum of two exponential functions which are strictly 
decreasing (because their bases are less than 1), it is strictly decreasing. In addition, the 


right-hand side is constant. Therefore the equation has a unique solution which we can 

. , __ 0 , . ^3.* 4 » 9 16 25 

identify as x - 2 (since (— )~ -§-(—T = — T —= — = 1). 

5 5 25 25 25 
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Solve the equations. 

a. 3 1 + 4 1 = 91 b. 3*" 1 + 5 1 " 1 = 34 


Answers 

а. {3} b. {3} 

б. Equations of the Form f(x) 9(x> = f(x) h(x) 

When solving equations of the form f(x) 9tx) - f(x) hix \ we consider the following cases: 

1 . f(x ) = 1 When the base of an exponential expression is 1 then no matter what value 

the exponent has, the expression will equal 1. So we just need to solve 
f(x) = 1 and in elude this solution in the solution set. 


liti 


Logarithms 





2 ./(*) =-l 


When the base is -1, we need to check whether the resulting value(s) of x 
satisfy (-l) gix) - (~l) hM or not. In other words, after solving/(x) = -1, we 
check the values of g{x) and h(x) for the obtained solutions. We include the 
values ofx which satisfv (-l) ffW = (-l) hW in the solution set. 

3. fix) = 0 For each value of x which makes the base zero, we need to check the sign 

(positive or negative) of the exponents. We include any values of x which 
satisfy f(x) = 0, g(x) > 0 and h(x) > 0 in the solution set. 

4. g{x) = h(x) We need to include the solutions of the equation g(x) - h(x) in the 

solution set. 


EXAMPLE 
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Solve the equations. 


a. x x+4 = x 


b. (3x - 4) s,a+s = (3x - 4) & 


Solution a. We consider the four cases above: 

1. x■— 1 We include this as a solution in the solution set. 

2. x — -1 We need to check (-1)“ I+4 = (-1). Since this is true, -1 will be in the 

solution set. 

3. x - 0 Since the exponents arex + 4- 0F4-4>0 and 1 > 0, we include 

zero the solution set. 

4. x + 4 = I This gives us the additional solution x = -3, which we include in the 

solution set. 

hi conclusion, the solution set is S = (-3, -1 T 0, 1}. 


b. We check the four cases: 

5 

1. 3x - 4 s 1 This has the solution x - —, which we add to the solution set. 

3 

2. 3x - 4 = -1 Solving this linear equation gives us x = 1. So we check the exponents 

for this value: 2x~ +2 = 2- (1)~ +2=4 and 5x = 5 ■ 1 = 5. 

Since (-1) 4 * (-1)*, we do not include x — 1 as a solution. 

4 

3. 3x - 4= 0 We need to confirm that die exponents are positive for x - — in order 

to include tins value as a solution: 

, 4 „ 50 4 20 

2 x~ + 2 = 2 (-)- + 2 = —> 0 and 5-x = 5 —=—> 0 . 

3 9 3 3 


So x = — is in the solution set. 
3 


4. 2x 2 + 2 = 5x Solving this quadratic equation gives us 

2x~ - 5x + 2 = 0 <=> (2x - 1) ■ (x - 2) - 0 x 


and x 


14 5 

hi conclusion, die solution set for die equation (3x - 4'y x "' + - = (3x - 4) DX is S = {—, —, —, 2}. 

2 3 3 
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JH 
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Solve the equations. 

X-l-1 X-? 

a. (x + 1)* = 1 b. (x-3)~=(x-3)^ 

Answers 

a. {0, -2} b. {3, 4, 11} 


7. Exponential Equations with Parameters 

In tills section we will look at how to solve exponential equations which contain parameters. 


EXAMPLE 


ii 

Solution 


Determine all values of a for which 2* 


2a +5 


a 


has no solution. 


Since the left-hand side of tills equation is always positive, the equation will have no solution 

for any values of a which make die right-hand right side negative or zero. In other words, we 

need to solve -<0. 

a - 2 

By making a sign table or by any other 
method, we decide that the values 


. 5 _ 2*7+5 

h- 2) make -zero or negative, 

2 a-2 


X 

-do 2 2 K 

2a + 5 

+ 

i - 

+ 

a - 2 


and therefore 2 * 


2*7 + 5 


a 


has no solution for these values. 


EXAMPLE 
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Determine all real values of die parameter m for which die equation 4* - (m ■ 2 X ) - m +3 = 0 
has only one solution. 


Solution Substituting 2 s = y gives us if - my - m i- 3 = 0. 

Since exponential functions are one-to-one, the original equation will have a unique solution 
if and only if tins quadratic equation has only one positive solution for y. 

There are two cases in which there is only one positive solution for y \ either the quadratic 
equation has two roots with opposite signs, or it has a positive double root. We can express 
this mathematic ally by writing 

f A > 0 f A = 0 

either { (1) or { (2) 

[P < 0 [s > 0 

where A is the discriminant, P is the product and S is the sum of the roots of die quadratic 
equation. In other words, 

A = (-m) 2 - 4 ■ 1- (-m + 3) = nr + 4 m - 12 = (.m + 6) ■ (m 2) t 
P = -m + 3 and S - m. 

_ Logarithms 


ccccc 

For ax" + bx + c — 0 
A =h" -4ac 


















Replacing these values In (1) gives us 
j (m + 6) ■ ( m - 2) > 0 

j -m -t 3 < 0, 

from which we conclude m > 3. Similarly, (2) becomes 
j (m + 6) ■ (m - 2) = 0 
| w > 0 , 

which gives us m = 2. Therefore, 4* - (m ■ 2“) - m + 3 = 0 has only one solution if 
m £ {2} kj (3, oo). 
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1 Determine all values of a for which the equation 9" + a ■ (a + 1) - (2 a + 1) ■ 3* has 
a. no solution. b. only one solution. c. two solutions. 

2. State the solutions of the equation 4" - 2 m(rn + 1) ■ 2 s _1 + m 2 = 0 in terms of the 
parameter m 

Answers 

1. a. (- Mt _1| b. (-1, 0| c. (0, co) 


2 . 


S = 


{log, m--} for m e (-0) 

0 for m - 0 

{log, m, log, wr} for Hi e (0, oo) 


B. EXPONENTIAL INEQUALITIES 

To solve simple exponential inequalities, we use the monotone property of exponential 
functions which we saw earlier in this module: 

for a > 1, a sM > a kM <=> g(x) > h(x ), and 
for 0 < a < 1, <=> <j(x) < ft(x). 

Notice that for h > 1 the directions of the inequalities are the same, but for 0 < a < 1 they 
are opposite. 


EXAMPLE 
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Solve the inequalities. 


2 +s < 16 


b. 3* 


1 1 

(-) 5 - 3 < (—y 

3 27 


Solution a. We can write 2 4 * < 16 «=> 2 4x < 2 4 . Since die base (2) is greater than 1, the direction of 
in equality for the exponents will be the same: 4x < 4 «=> x < 1. 

So the inequality holds for x e (-co t 1). 
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b. Rewriting the given inequality gives us 

1 


( I r . 


< ^ y < 3 - 


<(^r o 3--3 3 -<3-*« 3' 

Since the base is greater than 1, we can write 3 < -3a: which means -1 > x. Hence, 

x e (-00, -1|. 
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Solve the inequalities. 


a. 2* 1 < 32 


Answers 

5 


(-f 

3 


<(—y 

27 


(- 


r) 


b. (- 




cc ccc 

A critical value of f{x) is 
a value of x which makes 
the egression fix) = 0 
true. 


EXAMPLE 


14 


The examples above solve simple inequalities. To solve more complex inequalities, follow the 
steps: 

Rewrite the inequality so ill at one side becomes zero: f(x) > 0 or f(x) < 0. 

2. Solve/(x) = 0 for critical values of f(x). 

Establish a sign table for /(x) with these critical values. To determine the sign for each 
interval, we place the sign of the leading coefficient in the rightmost interval and change 
the sign at each single root while moving left through the intervals. Alternatively we can 
use a value of x from each interval to check the sign of the function in that interval. 
Select the appropriate intervals as the solution set. 

Let us look at some examples. 

Solve the inequalities. 

-1 

a. 4^ >64 b. 9* - 5 ■ 3* + 6 < 0 


Solution a. We follow the steps described above: 

1. Considering that 64 = 4 3 and 4 > 1, we get 


4-*- 1 > 4 3 


5x -1 


> 3 


5x-l 


cj t 5x-l- 6 a+3 

3 >9 ^->0 £=> 


2x-l 2x-l 2x-l 

2. Find the critical values: -a 1 + 2 = 0 ^ x - 2 and 2x - 1 = 0 ^ x = 


-a+ 2 
2x -1 

1 

2 ' 


> 0 . 


3. Since -x + 2 has a negative leading coefficient and 2r - 1 has a positive leading 
coefficient, the fraction m which they are numerator and denominator will have a 
negative leading coefficient. Therefore, when we draw the sign table, we start with a 
negative sign in the rightmost interval and alternate as we move left. 


X 

-co 2 2 » 

-x 4 * 2 


+ < 

> 

2x - 1 




Logarithms 















c c c c c 

log,2 < log a 3 

log a 2 < 1 


4 We select the Interval (— t 2| as the solution set for x { because It Is the solution set of 

2 

—X "I - 2 

——— > 0 t which implies that the fraction should be positive. 

b. Let /(a) = 9 s - 5 ■ 3" 4- 6. Fhctorizing/(x) gives us 

f(x) = (3 x f - 5 ■ 3* + 6 <=>/(x) = (3* - 3) ■ (3* - 2). 

If we solve /(a) = 0, we get 

3 s - 3 = 0 <=> 3* = 3 x 1 = 1 and 3* - 2 = 0 *=> 3" = 2 <=> = log 2 2. 

Let us establish a sign table with these values: 


X 

log 3 2 ] 

CO 

fit) 

+ < 

y - i 

> 4- 


We can see that f(x) <0 if x e |log 3 2„ 11. 


Check Yourself 13 

Solve die inequalities, 
a. 25* < (6 ■ 5*) -5 

Answers 

a. (0, 1) 


b. 4* - (2 ■ 25") < 10" 


b. (Log ; 2, oo) 


EXAMPLE 


< 1 . 


15 Find the value (s) of x which satisfy \x\ x 

By definition, |x| > 0 and we can exclude the case \x\ = 0 as this would result in a 
negative exponent and therefore a division by zero (since G" 4 = i). So we can write 

| X I*~~ 3s ” 4 < 1 <=> | x | < |x|°. 

Now we have to check the cases 0 < \x\ < 1 and \x\ > 1 (for |a| = l t the inequality will 
1 ^ : be 1 < l t which is false). In other words, we have to solve the systems 

0 <| x |< 1 f-1 < x < 1 and x ± 0 


a™ < a ff6 ° ** 

fix) < if a > 1 

fix) > g{x ) if 0 < a < 1 


and 


3x - 4 > 0 
f | x\> 1 


- 3a - 4 < 0 


| A" < -1 or x > 4 

f A’ < -1 or x > 1 
-1 < £ < 4 


no solution 


x e (l t 4). So the solution set is x e (1, 4). 



Exponential andLogarithndc Equation* and Inequalities 












EXAMPLE 


16 Solve the inequality a~ - 9 X+1 - (8 a ■ 3*) > 0 for negative, zero and positive real values of a. 


Solution We begin bv factorizing the left-hand side: 

a 3 - 9* +1 - (8a ■ 3*) > 0 (9 ■ 9") + (8a ■ 3") - a~ < 0 <=> 

9 ■ (3*)- + (8 a ■ 3*) - a a < 0 « (3 1 + " - a) ■ (3 1 + a) < 0. 

Let us look at the solution to this inequality for each of the three different cases. 

* a > 0: If we try to find the critical values of the expression on the left-hand side, we get 

<T +a -fl) ■ (3* + fl) = 0 (3* +s )-fl = 0 * =lot-=-2 + lota. 

9 

Notice that 3* + a > 0. The corresponding sign table is therefore 

x "2 +■ log 3 a do 

(3 x+2 -<z) ■ (3*+fl) 6 + 


* 


* 


As a result, (3* + ' - a) ■ (3 1 + a) < 0 if x e (—«, -2 T log 3 a) for a > 0. 
a = 0: Since both 3 S+ ' and 3' are positive, their product will be positive. So the inequality 
cannot be negative and therefore it has no solution when a = 0. 

a < 0: Since 3* +a - a > 0, we conclude that 3* + a should be zero while finding the 
critical value (s) of the product (3 s + H - a ) ■ (3 s + a). So we get the solution x = log 3 (^fl> 
for (3* + ~ - a) ■ (3* T a) = 0. The corresponding sign table is 


log, (- a) 


(3 K+ *-a)-(F+a) 


DO 


So f (3 1 +s - a.) ■ (3* + a) < 0 if x e (-™, log 3 (-«.)) for a < 0. 

fx e (-oo, log 3 (-a)) when a < 0 

In conclusion, for a~ 9* +I - 8 a ■ 3* > 0, S = / 0 when a = 0 

x e (-«\ -2 + log 3 fl) when a > 0. 
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1. Solve (x~ T x + l) 1 < 1. 

2. Solve 4* - a ■ 2* + 3 - a < 0 for different real values of the parameter a 
Answers 


1 “I) 


2. S 


for a e (-k* 2) 
for a r. = 2 


a - Vfl" +4fl -12 fl T +4fl -12 
|log,---, log,---1 for a e (2,3) 


, _ a + ^ Ja~ t4a -12 

(—°°T lOg, -^-1 


for a e |3 t co) 


















EXERCISES 3.1 


A. Exponential Equations 


In questions 1-9, solve the equations for x. 


1- a. 

4" = 8 

b. 

2 3 *" 1 

1 

~~ 64 

e. 

5*"- s = 25 

d. 

32,-1 

= VF 

e. 

2 3a ■ 5 s = 1600 

f. 

g2,+ 4 

2x - 

_ 33* . 2 I+i 

■1 2s -1 

£ 

j 

7 4 1 =1 

h. 

27“ 

“ = 9~ 


©7, a. 2 *+l = (I) 2 ‘+(Ir 

b. 2" - 3* = -v/6* -9* 

c. 3 s * + - (3* + —) -8 = 0 

3- 1 3* 

8. a. 2* + 3 s = 35 b. 3 + 5 x/3 = 2* 


2. a. 

2*" 1 = 5 b. 

3*" = 1 

c. 

5*' =4 d. 

3-"- 1 = 2 

e. 

2 31 +2 = 3 f. 

3** -4 = 0 

3, a. 

2* ■ 3* +I 5 1 = 7 b. 

2 4x ■ 2"* ■ 5* = 1 

c. 

5 3x+1 = 8 2 *" 1 d. 

3* ■ 5* = 7^ 

e. 

Pjj3(x+S) _ gs+2 


4, a. 

5 s * - (6 ■ 5*) = 475 


b. 

3 s * +5 = 3 I+2 + 2 


c. 

4 s *' 2 -(6 ■ 4*' 2 ) -1 = 

0 

d. 

9*-3* +2 + 14 = 0 


©e. 

(1 + V3)*+ 2*" 1 ■ (2 + -Jly = 4 

5. a. 

e x 4 

2 e* _ 


b. 

3* +1 + 3* = 324 


c. 

(2 ■ 5* +2 ) + 5*" 1 = 251 


d. 

3* ■ 5* = 2 21+1 ■ 7* +2 



9. a. x' s = JxF b, x 1 31+2 =1 

B. Exponential Inequalities 

In questions 10-13, solve the inequalities. 

10. a. 5’ > 3125 b. 2 3 *' 1 = (—)* > J- 

64 \8 

c. 5 *- 3 > 7 3 -* d. 15 2i+ * - 3 31 ■ 5 4 ’"' 1 < 0 

e. 3* + 2*' 1 + 2 I+S -3*' 1 + 2*' 3 > 0 

11. a. 3 ' > 3 

3* -2* 

b. 2* -f 3* + 4" > 29 

c. 40* _ 9 * < 16* + 15* 

12 . a, 0.1* +1 < 0.8 + 2 ■ 10" 

b. 25"* + S’*'*' 1 > 50 

c. (3 ■ 16 s ) + (2 ■ 81*) - (5 ■ 36*) < 0 


6. a. (4 ■ 2*) - 6* - (18 ■ 3 s *) = 0 
1 1 1 

b. (6 ■ 9 r ) J-(6 ■ 4 r ) = 13-6 7 

c. (7 ■ 4 X ~) + (2 -49* 1 ) = 9 14" 

d. 25* - (3 ■ 10") 4- (2 ■ 4 s ) = 0 

©e. (5 ■ 50*) + 8* = (2 ■ 125") + (4 ■ 20") 

Exponential and Logarith nic Equations, and Inequalities 


m n. 6 

13. a. —I— <2* 
2 X -1 


120 ^ 1 

1-25'* ” 5~*~ 2 


14. (4a : 2 +2x + 1 )* ! '* <1 













A. LOGARITHMIC EQUATIONS 

Ail equation containing logarithms which have the variable in their base or argument (or 
both) is called a logarithmic equation. Here are some examples of logarithmic equations: 

log. x = 3, log*(x ■ «Jx + 2) = 2 t log 3 + log 9 = -3, log (2% + 3) = 2. 

When solving logarithmic equations, we can use the following properties of logarithms: 

1. log (f(x) ■ g (x)) = log fl | f(x) | + log fl |g (x) | 

2. log.(^l) = log, \f(x) I - log. Iff (x) I 

g(x) 

3- log,/"(x) = » ■ log, |/(x) |. 

We must also remember that the argument of a logarithm is always positive, and its base is 
always positive and different from 1. As we have seen, these conditions are called the existence 
conditions for logarithms. 

Just as we saw for exponential equations, there is no single method that we can use to solve 
all logarithmic equations. Instead, we can consider some common types of equation and their 
solution. As a general rule, after solving a given equation we always need to check which 
solutions satisfy the existence conditions in order to complete the solution. 

1. Equations of the Form g{x) - b 

To solve an equation of this type, we can write it in exponential form using 
log^, g(x) - b <F^f(x) b - g(x) and solve this new equation for x. 

After finding the solution (s), we eliminate any values of x which do not satisfV the restrictions 
f(x) > 0, f(x) # 1, and g(x) > 0 (bv the existence conditions). 

Let us look at some examples. 


EXAMPLE 
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Solve the equations, 
a. log„(3;c - 1) = 3 


b. log. + , 16 = 2 


c. log 3 (5x 9 9x + 7) = 2 


Solution a. log(3x - 1) = 3 <=> 3x - 1 = 2 3 ^ 3x = 9 <=> x = 3 

Bv the existence conditions, since x = 3 satisfies 3x - 1 > 0 it is the solution of the given 
logarithmic equation. 

Logarithms 









b lo-g^ 16 = 2 o (% + l) 2 — 16 <=> x + 1 = ± 4 <=> x x = 3 or A g =: -5 

Check against tile existence conditions: we need a + 1 > G and a t 1 ^ l f so we accept 
only x - 3 as the solution since x = -5 does not satisfy a + 1 > 0. 

c. log 3 (5x~ 9a + 7) = 2 5a" 9a 1 + 7 = 3" 5a" - 9a - 2 = 0 (5a 1- 1) ■ (a - 2) = 0 

1 

Accordingly we get a : = - — and - 2 as possible solutions. Checking for 5a" - 9a 1 f7>0 v 

5 

we decide that both solutions satisfV the inequality. So the solution set is S = , 2}. 


EXAMPLE 
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Solve the equations. 


a. log^(3Ar - 3 a -I- 4) = 2 


b. log, (log 5 *Jdx) = 0 

5 


C. log^(3 - A) + log^(l — A) = 3 


Solution a. log^ s (3A a - 3 a 4- 4 ) = 2 £=> (2a)' = 3a" - 3a + 4 ^=> a" + 3a - 4 = 0 
(a + 4) ■ (a - 1) = 0 o x 1 - -4 and x 2 = 1 

If we check tliese solutions for the conditions 2a > 0, 2a ± 1 and 3a" - 3a + 4 > 0 t we 

find that a : = -4 does not satisfV 2a > 0. Therefore we eliminate it, and so the only 

solution is a = 1 . 

b. log 1 (log. ^a) = 0 ^log E = (—)° <=^ log 5 ^/dx = 1 ^ Jdx = 5 1 <=^ a = 5 

r 5 

The existence conditions state that we must have 
5a > 0 and log 5 75a > 0. 

When a = 5 t 5a = 25 > 0 and log B VSx = log- 75 ■ 5 = log- 5 = 1 > 0 and so we conclude 
that a = 5 is the solution of the equation. 

c. log,(3 - a) + log„(l - a) = 3 <^=> log 2 |(3 - a) ■ (1 - a)| = 3 a 2 - 4a T 3 = 2 3 <^> 

a" - 4a - 5 = 0 (a - 5) ■ (a f 1) = 0 o Xj — -1 and x ± = 5 

Checking for the conditions 3 - a > 0 and 1 - a > 0, we conclude that a = 5 does not 
satisfV either condition. Therefore we eliminate it. Since a = -1 satisfies both conditions, 
it is the only solution to the given equation. 


Check Yourself 15 

Solve the equations. 

a. log 3 (5,v + 2) = 3 
d log, +1 (x s - 3* + 1) = 1 

Answers 

a. {5} b. {8} c. {+1} 


b. log,., 49 = 2 
e. log,(log,0 + 1)) = -l 

3 ¥ 

d. {4} e. {-Zj 
8 


Exponential and Logarith nic Equations, a nd Inequalities 


C- log=,-. + i 81 = 4 






2. Equations of the Form log..., g(x) - Log v: h(x) 

Since logarithmic functions are one-to-one, we can write 
log*,, g(x) = log*,, h(x) ^ g(x) = h(x). 

Therefore, to solve an equation of the form logoff (x) = log^hfx), we solve die equation 
g(x) = h(x) for x and then check the solutions for the restrictions/(x) > 0, f(x) ^ 1, g{x) > 0 
and h(x) > 0. 


EXAMPLE 
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Solve the equations. 
a 1 + 2 

a. 1 °£i _ j^ _=1 °Si 


2 

x + 1 


b. 1 og *fx + 21 +1 og *Jx - 21 = 1 +1 og 2 


Solution 


A 1 + 2 2 a T 2 2 n ion 

a. log,-= log, - x~ + 3 a- 18 = 0 ^ 

^ 10 !rX + l 10 X+1 

(x T 6)(x - 3) = 0 ^ x 2 - -6 and x 2 = 3 

A ~K 2 2 

These solutions must satisfy —— > 0, -> 0 and x + 1 ^ 0. 

10 A + l 

After checking, we eliminate a = -6 and take a = 3 as the solution. 


b. Simplifying the given equation gives us 

log i/a + 21 + log *Jx- 21 = 1 +log 2 +=^log( V* + 21 ■ Vv- 21 ) = log 10 + log 2 ^ 
log^x* -21^ =log(10 ■ 2) ^ 441 = 20 <=$ x s = 841 <=^ x = + 29. 

We eliminate a = -29 because it does not satisfy the condition *Jx ± 21 > 0 . 
Therefore, x = 29 is the only solution for the given equation. 
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Solve die equations. 

a. log 3 (x" 4 a 4- 3) = log 3 (3x + 21) 


_ x-2 . _ 3x-7 

c. log,--= 1 + log,- 


3 a -1 


Answers 

a- {-2, 9} b. {4} c. {3} 


b log- (a - 2) + log- x = log, 8 


Logarithms 
























3. Working with Logarithmic Equations 

If a logarithmic equation is not already in one of the two forms log^ g(x) - h or 
log^ g(x)- log fU) //(^:) T we can sometimes rewrite it in one of these forms by using substitution 
and the laws of exponents. 

Let us look at some examples. 


EXAMPLE 
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Solve the equations. 


a. log/ x + 21og 3 x = 3 


k — 3 


c. log, (12 2 1 ) = 5 - x 


Solution a. Substituting log 3 x - y gives us a quadratic equation: 


cc ccc 

log/ x = log, a ■ log, a: 
log/ A = (log, x)" 


log/ x + 21og 3 x = 3 o if + 2y - 3 = 0 ^ (y + 3) (2/ - 1) = 0 £=> y 1 = -3 and y„= 1. 

We then solve log 3 x = y for x with these values: 

, 1 

y = log 3 x - -3 ^ x = 3 x — — and y - log 3 x = 1 x = 3 . 

27 

Since both solutions satisfy the existence conditions for the given logarithms, the solution 

set is S = {—, 3}. 

27 


ccccc 

log, X ftx * = f(x)- log, A 


By the one-to-one property of logarithms, we can take logarithms of both sides to base 3 
(notice that both sides are positive): 

x lQti 1 = 3 <=> log 3 (* lf, ‘ a 1 ) = log 3 3 <=»(log 3 x) (log 3 *) = !<=> 


log/ x = 1 log 3 x = 1 or log 3 x = -1 <=> 



or x - 3 1 


1 

3 ' 


ccccc 

When an exponential 
equation has logarithmic 
expressions in an 
exponent, we can take 
logarithms of both sides 
to a suitable base in order 
to get the exponents as 
factors. 


C. 


Converting the equation into exponential form gives us 

log„(12 -2‘) = 5-x 2*-* = 12 -2 r <=> 2' +-—12 = 0. 

2* 

Substituting y for 2", we get 

32 

?/+ —-12 = 0 y-- 12 y i- 32 = 0 <=>(y - 8)(y - 4) = 0 <=> y x = 8 and y„ - 4. 

V 

Since both values are positive, we solve 


y - 2 1 = 8 <=> 2* - 2 3 <=> x - 3 and y - 2 X - 4 ^ 2* = 2 5 ^ x = 2 ■ 


Both values of x satisfy the condition 12 - 2* >0, so the solution set is S = (2, 3}. 



Exponential andLogarithndc Equations and Inequalities 
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Solve the equations. 

a. log 2 (9-2‘) = 3-x b. ie l0!l3l =9 c. /- +loa ’- 1 = 256 

d log,^ 1 - 1 + 7) = 2 + lo&O 1 - 1 + 1) 

Answers 

a. {0, 3} b. 3} c. {—, 4} d {1, 2} 

9 16 


4. Equations with Logarithms to Different Bases 

Ill order to work easily with logarithms, we need to have them to the same base. We can use 
the following properties of logarithms to help us: 

For a t b } e> 0 and a t c # l t 

1 log a c=—!— 
log 5 a 

log , x = —log a x 
a n 

3 . 10 = ^ 

log 5 a 


EXAMPLE 


21 Solve the equations. 

a. log, x + log, £ = 8 b. (3 ■ log^ 4) + (2 ■ log 4s 4) + (3 ■ log I& 4) = 0 

Solution a. Let us write the second logarithm in base 2: 

log, ,v + log, x- 8 <^log, xi-log^x- 8 <^log, x-t iog, a:-8 ^ 

3 

1 4 

(1+ —) log, x = 8 ^ — log^ x - 8 ^log, x - 6 x — 2 <=> x = 64. 

3 3 

Since x - 64 satisfies the condition x > 0, it is the solution of the given equation. 

b. We need to equalize the bases using the properties given above. Since all the logarithms 
have 4 as their arguments, we can write 




3■ log T 4 + 2 log 4i 4 + 31og I6i 4=0 ^(3—L_) + (2 

log 4 x 


1 


0 ** 


log 4 4x 

2 


-) + (3 


log 4 16,Y 
3 


-) = 0 <=> 


log 4 x log 4 4-f-log 4 * log 4 16 + log 4 x log 4 x l + log 4 x 2 + log 4 x 




Logarithms 



















Substituting ij - log 4 a\ we get 

-+ —~r+ —tit = 0 <=> 3(j/ + l)(i] + 2) + 2 y(y + 2) + 3 ij(ij + 1) = 0 <=> 

y y + i i/+ 2 

„ 3 J 1 

8i/ - + 16;/ + 6 = 0 « 2(2y + 3)(2y + 1) = 0 <=> y 1 =-— and y„ = . 

A A 

The corresponding values of x are 

3 -- 1 1 1 -- 1 1 

log, a: = // =-£=> x = 4 2 = —^ = — and log 4 x- — ^ x- 4 2 = —= = —. 

4 2 8 4 2 ^2 

1 1 

Since both x = — and x- — satisfV the conditions x > 0, x ± 1 4a 1 ^ 1, and 16 a: ^ 1, the 
8 2 

solution set contains both solutions: S = {—, —}. 

8 2 
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Solve the equations. 

g 

a. 2 logj x + log^ x + log 1)E x = 9 b. log 5 2 x + log 5l . — = 1 

Answers 

a {8} b. 1, 5} 

25 

5. Logarithmic Equations with a Unique Solution 

If we can identify that a given equation has a unique solution (for example: bv using the 
monotony of functions, or bv using an arithmetic or geometric argument), and if we observe 
that a particular value of die variable satisfies the equation, then we do not need to look for 
another solution. 


EXAMPLE 


ss 


Solve the equations. 


a. log 3 A" = 4 — A" 


b ~~ } — 2 ks a (I+ ^ = 5 


Solution a. We can observe that x = 3 satisfies the equation, since log 3 3 = 4 - 3 = 1. 

In addition, since die left-hand side of die given equation is strictly increasing and die right- 
hand side is stncdv decreasing, we can conclude that this solution is unique: x = 3 . 

b. Let log„(x - 3) = a andlog a (A: T 2) = b. So 3* - 2 b = 5. 

In addition, we can write 

log.(A’ - 3) = a <=> 2 a - x - 3 2 a + 3 = x and 
log a (A + 2) = b 3‘ = A' + 2 « 3 1 - 2 = A, 
which gives us 2“ + 3 = 3* — 2, i.e. 3* - 2" = 5. 


Exponential andLoganthndc Equation* and Inequalities 


J 23. 








Since 3 fl - 2 b - 5 and 3 fi - 2 a - 5, we can write 

3‘ _ 2" = 3* - 2 a ** 3 fl - 3" + 2 a - 2 b = 0. 

The only possible solution to this equation is a = h t since both a > h and a < h will give a 
result different from zero. Therefore, we have 

3* - 2 a = 5. 

Obviously, a - 2 is a solution. We can also write this equation as 

1 = 5- (—) a +(—Y (divide all terms by 3 fl ), 

3 3 

which leads us to conclude that 3* - 2 a = 5 has a unique solution (can you see why?). 

Thus a - b — 2 and 

log*(x -3)=tf = 2 4=>x-3 = 2" = 4<=> x = 7 . 
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Solve the equations. 

a. * + 2* + log. x = 7 b. - 5 los ^ +2) = 4 

Answers 

а. {2} b. {7} 

б. Logarithmic Equations with Parameters 

Sometimes we may be asked to solve an equation for the values of a parameter which satisfy 
a specific condition, or to investigate the solution(s) of an equation for different values of a 
parameter. 


EXAMPLE 



Solve 2 log^ a + log^ a -t 3 log^ a - 0 for x in terms of a. 


Solution By the existence conditions, a > 0, x > 0, x 1, ax # 1 and a~x * 1. 

So we just need to consider positive values of a. Since a - 1 is a special case which gives us 
(2 ■ log^ 1) T (log v 1) -f- (3 ■ log^ 1) - 0, we conclude that any positive value of a 1 different 
from 1 will satisfy the equation in this case. 

For a > 0 and a # l t if we change the bases to a we get 

2 1 3 2 1 3 

-+-T--^-— 0 -+-+-— 0. 

log.x log fl a + log a x log a a-tlog a x log, x l + log a x 2 + log fl x 



Logarithms 











Substituting log a x — y gives us 

2 t 1 t 3 _ p 2(jf + l)(y+2>i-if(y + 2> + 3if(if + l) _ Q ^ 
y l + y 2 + y ° y{y + l)(?/+2) 


„ 4 1 

6i/~ + lli/+4 = 0 <=> (3*/-l-4)(2z/-f-l) = 0 <=* y 1 — - — and y n — - 

3 2 

The corresponding values of x are 

4 -- 1 -i 

lo g a x = y = — — <=$ x — a 3 and log a x =-x = a s . 

3 2 


Hence the solution set is 


0 for a < 0 

{a~ lf \ a~ A/3 } for a > 0 and a ^ 1 

a; e (0, 1) u (1, «?) for a - 1. 


EXAMPLE 
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Determine the number of solutions to (log/ x) - (2 -log 3 x) - m for different values of m. 


Solution Substituting it = log 3 .v gives us ir - 2 u = m. 

Let us consider each side of this equation as a function and 
sketch the graph of each function, as shown opposite. 

As we can see, one graph is a parabola and the other is a 
horizontal line. In addition, the graphs intersect at two points 
when m > - 1 and at one point when m = -l f and they do not 
intersect when m < -1. In other words, the equation ir - 2 it — m 
has two solutions for m > - 1 , one solution for m - -1 and no 
solutions for m < -1. Since u = log^v is a one-to-one function, it has the same number of 
solutions for the different values of m. Hence we conclude that the given equation has 
f two solutions for m > -1 
< one solution for m = -1 
no solution for m < -1. 
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1 Solve log a x-Llog^. a- i-log^^ = 27 for x m terms of a. 

2 Determine the number of solutions to 61og n x-logl x -8 = a for different values of a. 
Answers 


^ 0 

if 

a < 0 or a - 1 

Tio solution 

if 

a > 1 

1. s= e 

{fl s } 

if 

2 . < 

a > 0 and a ^ 1 

one solution 

if 

a - 1 

two solutions 

if 

a< 1 
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B. LOGARITHMIC INEQUALITIES 


Sometimes we are asked to solve inequalities between two functions of the form log m Q(x) 
and log^ftCx), for example: log ^gix) > log^fx), log^fKx) < log^ftCx), etc. In this case we 
can establish the systems 


r m > i 


0 < f(x) < 1 


or 


[ g(x ) < h(x) [ ^(x) > h(x) 
functions and combine them with the existence conditions 
(f(x) > 0, f(x) ± 1 
9 (*) > 0 
h{x ) > 0 . 

As a result, we get 

(m > o 

I f(x) < 1 
g(x) > h(x) 
h(x) > 0 


to respect the monotone proper tv of logarithmic 


fix) > 1 

g(x) < h(x) and ^ 
9 (x ) > 0 


as possible systems for the inequality. 


We can solve the resulting systems using a sign table. The values satisfying any of these 
systems will be included in the solution set of the original inequality. 

For logarithmic inequalities which do not have functions of the form log^ g (x) and log^> h(x ) t 
we first apply the properties of logarithms in order to write them in this form. 

Let us look at some examples. 


EXAMPLE 


25 Solve the inequalities. 

a. log 3 (3 - x) < log 3 (x + 5) 
c. log^Qr + 4x + 3) < 3 


e. log(x _ - 5x + 7) < 0 


b. log 2 (x-2) > log : (l- 2x) 


i x~3 1 

log i-> - — 

-x + 3 2 


f. log^(5^ - 3) < 1 


Solution 


Using die monotone property of logarithmic functions and the existence conditions for 
logarithms, we obtain the system 


J 3 - a: < * + 5 

\ _ _ 

f-1 < x 

<=> l „ « X e (-1, 3) . 

[3 -x > 0 

[ 3> x 


b. Since the base is between zero and 1, we estabhsh the system 


2 < 1 - 
2 > 0 

2x > 0 


2x 


^ l 


x<l 

x > 2 t which has no solution. 
1 

— > x 




Logarithms 
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c. The right-hand side of the inequality is not in logarithmic form. However, we can use the 
identity log. 2-1 and write 

log.0r T 4x T 3) < 3 ■ log. 2 ^log^far + 4x + 3) <log.2 3 . 


Since the base is greater than 1, this inequality is equivalent to 

f X- + 4x + 3 < 2 3 ^ f (x + 5) ■ (x - 1) < 0 ^ f A’ e 1-5, 1| 

| x" + 4.v + 3 > 0 j (x + 3) ■ (x + 1) > 0 ^ | x e (-™, -3) u (-1, o=). 

So the common solution is x e |-5, -3) u (-1, 1|. 

d. Using a similar approach, we can write 


log] 


x- 


X + 3 


1 x -3 

■— <=> log,- 

2 rx + 3 



<^>log i 

4 


X- 3 
x-t 3 


>log 1 2. 

4 


T herefore we solve the system 


x -3 
x-t 3 
x -3 
x T 3 


< 2 

>0 




-x- 9 


x-t 3 
x - 3 


< 0 


x T 3 


> 0 . 


By considering the critical values, we establish die sign table: 


X 

^00 


9 



3 


3 

oo 

jc - 3 

x + 3 

+ 


+ 

| 

> 

- 

( + 


-x - 9 

x +■ 3 

1 

> 

+ 

i 

) 

- 



Common 

solution 

1 

:i 


Therefore the solution is x e (-°o, -9| u (3 t m). 


Note 

For inequalities of the form log, t/(x) > b or logj(.v) < b, we can use the property!) = log, a 6 
and write 

, . / log, g(x) < b ** 0 < g(x) < a b 

[logj g(x) > b <=tg(x) > a , 

. (log, g(x) < b <=> ff(x)>a‘ 

01 Q c | log, g{x) > b «=> 0 < g(x) < a b . 

e. We have log(jr - 5x -t 7) < 0 «=> log(jr - 5x -t 7) < log 1. 


Establishing die appropriate system, we get 

x a -5x + 7 < 1 f x a - 5x + 6 < 0 f (x - 2)(x - 3) < 0 ^ ^ g (2 3 

x a - 5x + 7 > 0 [ x e M [ x e E 

ic Equations a nd Inequalities 


























^ ^ _ Q Q Qv ^ By the properties of logarithms, we can write the inequality as 

log^S^x - 3) < 1 «lo&J5x - 3) < log^x). 

There are two cases: the base may be between zero and 1, or it may be greater than 1. 
Accordingly we have the two systems 

0< 2x< 1 [ 2x>1 

and • 5 jc-3< 2x 
5x - 3 > 2x K ~ n 

{ bx - 3 > 0. 

{ 0 < A < — 

The first system has no solution, because we obtain \ 2 , which is impossible. 

\ x > 1 

For die second system, we have 

f 1 

x > — 

2 

3 

\ x < 1 , which has the solution xe (—, 1|. So this is the solution to the in equality. 

3 & 

x > — 

5 


EXAMPLE 


26 Solve the inequalities. 

a. log! (log 6 A + A |< 0 


x + 4 

Solution a. We estabhsh the system 


log.->1 

6 x + 4 

*- + x >0 


b. (log,. 2 ■ log,, 2) > log, 2 


AT + X 




x-t 4 


a-I- 4 

X" T X 
X + 4 


>6 




> o 


AT + x 
x + 4 

X" + X 

x + 4 


6 > 0 


f a~ 5x 24 


> 0 




x + 4 

X" + X 


>0 


x + 4 


> 0 . 


Considering the critical values -4, -3, 8 for -———, and -4„ -l t 0 for A + X , we 


x + 4 


estabhsh the following sign table: 


a 1 + 4 


X 

-» -4 -3 -1 0 8 » 

x 2 ~5x- 24 
x + 4 




- 



X 2 + JC 

x + 4 

- 

+ 

+ < 

> - c 

> + 

+ 

Common 

solution 










Therefore the solution is x e (-4, -3) u (8, co). 
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1 


b. Using the rule log a h 


log,« 


we get 


(: 


1 ~) > . 1 7 <=» ( : 1 


-)>, 


log„ jc log,, 2 a: log,, 4 a: log,, a: I + log ; ^ 2+log,, a: 

Substituting y for log;, x, we get 


->0 


-if + 2 


y-(y + l) y + 2 y-(y + l) y + 2 y (y+1) (y+2) 

We can establish the corresponding si pi table as 


-> 0 . 


y 

-» -2 —V5 -l o » 

-y 2 + 2 

y ■ (.y + l) * (y + 2) 

+ 



- 




which leads us to the solution y e (-°°, -2) u (-72, -1) u (0, 72). 

We can find the corresponding values of x by considering the three cases: 

1 


For y e (-«, -2), 
For y e (-s/2, -1), 
For y e (0, 72), 


y = lop x < -2 <=> 0 < x < 2" <=> 0 < x < 


2 


-72 < lop a: < -1 o 2^ < a: < 2 1 «=> -^j=- < x < 
0 < lop x < 72 <=> 1 < x < 2 s . 


Therefore the solution is x e (0, —) u (— 1 L —) u (1, 2 s ). 

4 2^ 2 
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Solve the inequalities, 
a. log 3 (l - 2a:) > lop (5a: - 2) 

c, 1 op(2a: - 1) > 0 

e los « ( * + 1) <0 

A + 1 

g. 1-2 ■ log 1 (x + 1) > log 3 ( a 1 — 3) 

9~ 

Answers 

a. x e (^-, -) b. * e (0, log 3 2) 

5 7 

e. a: e (-1, 0) f. a: e (14, «>) 

Exponential and Loganthndc Equation* and Inequalities 


b. log i (3^ +1 -3)>log i (3 1 + l) 
d, log : (5a: - 1) > 0 

3 

f. 2 ■ log* (a* 2) - log *(a 4- 4) > 1 

h lop +1 (3AC - 1) > 1 

1 2 

C. A" e (l t co) d. X E (-, d 

5 5 

g. x e (3, co) Ji. x e (-1 T 0) u (l t oo) 























EXERCISES 3.2 


A. Logarithmic Equations 

1. Solve the equations. 

a. 10^(3^ - 4) = 3 

b. log a jc + log 3 (x + 6) = 3 

c. logOc + 2) - log(x - 2) = 0 

d. log 9 ar - log a (2.v + 5) - log(2je - 5) = - ^ 

e. log 7 (2ar - 5*) = 1 

f. log* (log* -v) = 2 

g. log 4 (Log s <log 3 (2*-l)))-= ^ 

2. Solve the equations. 

a. log, (jr + 3 jc - 4) = log 1 (2jf + 2) 

, , ° 2x“ — 54 . * 

b. log a -—— =log a (x-4) 

x + 3 

c. log(3 5 + 1) = log* (-2* + 14) 

d. logfe-aCS# 2 ) = log* _gx + 1) 

3. Solve the equations. 

a . _ 10 i««* = i 

b. 31og a a x +log 3 ;r = 5 

c. logn (2 1 - 3) + * = 2 

d. jc + log a (3* - 8) = 2 

e. jc 1 " 1 = x 

f. 3 1111 + je 1 " 3 = 54 

©g. log,(2(1 -x)| -log J . I (2x) = 0 
©oil. log a (2 I + 1) = log;,(3* - 1) 



4 . Solve the equations. 

a. log; jc + log, * + log lfl x = 7 

b. log,. 4 + log.. 64=5 

c. (3 ■ log. 16) - (4 ■ log 16 jc) = 2 ■ log; j: 

d. A >SiI + 3 W * =162 


B. Logarithmic Inequalities 

5. Find the solution set for each inequality, as an 
interval. 

a. log*(2x - 5) < 1 b. ln(x + 2) > 0 

c. log art (2.v - 4) > 2 d. log 4 (ar - 9) < 2 

e. log a (ar - 3) > 0 f. In x < 0 

5 

g. logj jCx 2 + -V + 1) -log.,3 > 0 

h. l0g a (AE - 1) - log 3 5 < 1 
i log(log (x - 3)) < 0 

J- log^log^x-e)) >0 

h. log(x - 1) + log(x - 3) < 3 


6. Solve J + 1 ° S ° A >1 for 0 < a < 1. 
l + log a x 

_ Loga rithnu 









SYSTEMS OF- EQUATIONS AND 
INEQUALITIES 


A. SYSTEMS OF EQUATIONS 


We can solve systems of exponential or logarithmic equations by using the properties we have 
studied so far combined with algebraic operations, elimination and substitution. We write the 
solution of a system as a set of ordered pairs, triples or quadruples, etc. depending on the 
number of unknowns in the system. 


EXAMPLE 


27 Solve the systems of equations. 

3 1 + y = 28 
3 I+S = 27 


2* ■ 3* 
2* ■ 3* 


12 

18 


> 


S+1 - 27 

1 


Solution a. Substituting 3* = a > 0 and 3 J = b > 0, we have 
o + b = 28 


a = 28 - b j a = 28-b 

a b = 27 (3 1+J = 3 1 ■ 3 s ) ^ 1 a ■ b = 27 ^ 1 (28 - b) ■ b = 27 ^ 


a = 28 - b f a = 28 - b f a = 28 - b 

b~ - 28b + 27 = 0 "} (b - 27) (b - 1) = 0 


b = 1 or b = 27. 

1 


'b =1 (b= 27 f 3 

So the solutions for a and b are l or J . which give us ) and 

a = 27 \a = l | 3* = 27 [ 3* = 1 

I x = 0 f x = 3 

Hence the possible cases are { or < 

U=3 \y = 0 

So the solution is {(0, 3) f (3 t 0)}. 
b. We begin by multiplying die second equation bv the first: 


27 


2 1 ■ 3 " 


12 


2* ■ 3 s 


12 


^ -3'=12^ J T- 3* =12^ 

2 1 ■ 3 s ■ 2 s ■ 3* =12-18 2 I+S - 3 I+S - 216 ] 6 1+J - 6 3 


x + tj - 3 


2 1 ■ 3 = 12 

ij = 3 - x 


[ 2 * ■ — =12 J (-)* = (-)" 

** ( 3 s <=> { 3 3 «■ 

3- x 


[ y = 3-x [ y = 3—x 

So {(2, 1)} is die solution, 
c. Taking the square of the first equation, we have 

f(O a = (27) s [**■**= 3 6 r 3- 1 ■ = 3 6 


^ < <=> 
x 2 * ■ x ^ = 3- 1 


X = 6 ^ 

x 5si = 3' 1 ■ x B | 3' JS = 3- 1 ■ 3 
Hence {(3, 2)} is the solution 


x = 3 [ a 1 = 3 

■1 q 5 ] *^3 ^4 


y 
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EXAMPLE 


28 

Solution 



Solve the systems of equations. 

f x + y - 7 

] In x + In ij = 2 hi 2 + In 3 


[ 1 1 _ 2 

b. x y 15 

[ log 3 x + log 3 y= l + log 3 5 


a. We can use the properties of logarithms to write 

In x + In y — 2 In 2 + In 3 ^ In (x ■ ij) = In (2~ ■ 3) ^ x ■ y 
So we just need to solve die system 


12 . 


fx + IJ = 7 

II 

-o 

1 

II 

1 

II 

-j 

1 

H 

<=> < 



> 

[*■ y =12 

[ x ■ (7 x) -12 

[ x~ - lx T 12 = 0 

II 

H 

?H 

O 

00 

II 


Hence the solution is {(4, 3), (3, 4)}. 

Nonce that both pairs satisfy the existence conditions for logarithms, 
b. Using a similar approach, we can work on the second equation in the system to get 
log 3 x + log 3 y — 1 -\- log 3 5 « log 3 (x ■ y) = log 3 (3 -5 ) & x - y= 15. 

So we have the system 

1 12 

x y 15 ^ 
xy = 15 


x~ + 2x- 15 = 0 

15 

y = — 


' 1 

X _ 

2 

15- x s 

2 

X 

15 

15 o l 

15x 

” 15 

1" = 

15 

x 


1 15 
\tJ=— ■ 

1. X 



f * = 

-5 or x = 

3 

f x = ■ 


[»= 

to 1 

l-H 1 

< 

[»=■ 


X 




or 


x - 3 
y-5 


To satisfy the existence conditions, x and y must be positive. Therefore we eliminate the 
case x - -5 and write the solution as {(3, 5)}. 

Check Yourself 22 

Solve the systems of equations. 


1. a. 


2. a. 


j 3* + 3 s = 4 

| x + y = 1 
| 5x + Ay - 7 

| In x + ln y — ln(^) 
[ log 4 x-log x y- 


8 


J 2* ■ 3* = 36 
1 T + 3 s = 13 
j” 4.v" - y- = 2 

110^(2* + y) - log;(2x - y) = 1 

r ij ■ A ,k ‘- 1 = x '-Jx 
1 log 3 IJ ■ log (ij - 2x) = I 



| a; = 16y 

Answers 

1. a. {(0, 1), (1, 0)} b {(log, 9, log 3 4), (2, 2)} 


2 . a. {(i h (J, 1)} 

5 4 5 


b ' 4 


c. {(3, 1)} 
1 


c. {(2, -), (64, 4)} 

O 


d {(3, 9)} 

Logarithms 









B. SYSTEMS OF INEQUALITIES 

To solve a system of exponential or logarithmic inequalities, we consider each inequality 
separately and find its solution. Then we add the existence conditions of logarithms to the 
system and find a common solution set. We can also use a sign table to look at the different 
cases. 

The following examples illustrate this approach. 


EXAMPLE 


29 Solve the systems of inequalities. 


/ (lr < i28 

2 41 >16 


3 2s+1 _ 3 : 


+ 6 > 0 

3 i+2v 


(2 ■ 3 I+i ) - 27 < 0 


Solution 


2 < 2 
2 4x > 2 4 


3x < 7 
Ax > 4 


I x < 

} x >: 


7 7 

Hence the solution set is S = (-«\ _) n |1 T m) = |1 T 

3 3 

b. Using the rules of exponents, we get 

f 3r x+1 - 3 x+ "+ 6 > 0 J (3 ■ (3 *f) - 9 ■ 3" + 6 > 0 
| 3^^_ (2-3 I+s ) - 27 < 0 ^ j (9 ■ (3*)-) - (18 ■ 3 T ) -27 < 0 ^ 
Let us find the critical values and establish a sign table: 

3" -2=0 ^ 3* = 2 x = log^ 2 

3* - 1 = 0 3* = 1 x = 0 

3* - 3 = 0 ^ 3* = 3 x = 1 

3 T + 1 > 0, so there is no critical value here. 


3 ■ (3* - 2) ■ (3* - 1) > 0 
9 ■ (3* - 3) ■ (3* T 1) < 0. 


X 

— 03 

Q 

lc ®3 2 

1 

to 

3 2i+1 _ 3 i+ 2 + g 



\ + 


4- 

3 2x+a_ <2 .3*+2) _27 




] 

i * 

Common 
sol u don 





In conclusion, the solution set is S = (-«, 0) U (log 3 2, 1). 


EXAMPLE 


30 Solve the systems of inequalities. 
| log ; (3 - x) < 2 
a ' | log,(;*: +2) < 0 


f log, x + 

b. < a 


2-log 1 (jf-l) — log, 6 


log, (x +1) < 1 - 2 log x 


Exponential and Logarithmic Equations and Inequalities 
















Solution a. Adding the existence conditions, the system becomes 


-1 < x 
x > -1 
3 > x 


Hence the common solution is {(-l t 3)}. 

b. By working on the logarithmic expressions and introducing the existence conditions, we get 


log. (3 - x) < 2 


3 - x < 2 " 

f 

log!(x 1 - 2 ) < 0 


x + 2 >(-)° 

3 

~ { 

: 

« 1 

3 - x > 0 


3 > x 

x + 2 > 0 


x > —2 

i 


log! a + 2 ■ log 2 n (x-l) < log : 6 
3 ( 3^ 5" 

log. (A+1) <1-2 log^X 

\ x> 0 
x -1 > 0 
x +1 > 0 


log 2 A + log : (X-l) ^ lo Si 6 

3 3 3 

log. (A 1 + 1) + log. X < 1 
( x >0 

X > 1 
X > -1 


log! |x ' 1)1 - log 16 x~ - x >Q x~ -x - 6 > 0 

\ 1 3 ,/ ^ 1 \ ( x" + X < 2 { X- + X - 2 < 0 £=> 

log a |(x + l) ■ x\ < log.2 

X>1 l* > 1 l* > 1 

(x - 3)(x + 2) > 0 ( x < -2 or x > 3 

(x + 2) (x - 1) < 0 <=> J -2 < x < 1 

X > 1 [ X > 1. 

Since there is no common solution for these intervals, we conclude that the system has 
no solution. 

Check Yourself 23 

Solve each system of inequalities. 


[ 3 ; * < 243 

f 2 * + 2* +1 + 2 I+ -> 28 


, i 

b. 

c. j 

(-) < 27 

5* +1 + 5 1 < 750 


l 9 


l 


< 3-1 


+ 2 * > 3 



| log 3 (2A’ +1) < 2 
) 108,(3*-!) >1 


i 2 a +1 

lo £a —j _< 1 
a: + 1 

. x -3 1 

log,-< — 

rX + 3 2 


b. | 2 , 3 ) 
b, (- 9 , - 3 ) 


c. | 1 , 2 ) 


Logarithms 




















EXERCISES 3.3 


A. Systems of Equations 

Jl, Find the ordered pair(s) (a\ y) that satisfy each 
system. 


f 5^ = 5 4s ' +7 
a, [ 

[2 1 ■ 4 s = 16 


-sr-i _ j 
5 I+S = 125 


4 ,+s = 128 

g3*-S s -3 _ j 
' - 2 X - 2 = 0 


3975 


jx+ir+l 


x~ -y~ -4 


8 


9* 


0 


3*-5* = 45 
3 s ■ 5* = 75 


% Solve the systems of equations. 

J 27^ + 125 s/3 =8 b [ 3 1T + 
a ' j 3 iai - 5 2 * = -16 l 3 * +3 - 

f (3-2‘) + (2-3 ! ) = 2.75 
' [ 2 1 - 3* = -0.75 
J 3 1 + (3- 5 I+S ) = 378 
" [ (5■ 3 1 ) + 5 I+J+1 = 640 
f 5 s+2s + 9 ,+ " J = 14 

3 I*- S + gSt-s _ 8 
g.+s»_l_ 2 = 7* +Ss 
3*- Ss +98 = 5*--* 


(3* . 3“*) = 12 
■ s =10 


Oe. 


Of. 


S* Solve the systems of equations. 

[ log. x+2 log. ij- 3 [ 3 1 ■ 2* - 972 

a. < _ ^ “ b. I 


x~ + y 


16 


[ 3 s -2* = 576 


|lo£js(* -V) = 2 
j x + y = 5 


| lo&flt y - x) = 4 ’ | log. x + logj IJ = 2 

j x" + if- = 90 
| log a * + log a y = 3 


£. 1720 / 7 ^/^ 70 / 0/7J Lo^qtt^/j/xV £^{ 0 / 10/11 o 77 (/ Ineqa altti.es 


4, Solve the systems of equations. 


[ log 4 *- 
I X ■ y : 

[log f * + log,y=! , {log, x + log, jt = 2 

2 d.. ^ 


-log j/=_ , f V — logs * = 1 

* 6 b. J 

= 18 U 4 = 3lS 


x + y — 20 

'2 (log, x + log,, y) = 5 
x ■ y = 8 


x“ + y = 30 


B. Systems of Inequalities 

5, Solve each system of inequalities. 

J A- ■ A- > 

a. I 3 9 64 

2 *'-- 6.-3 < 16 

' 25* - (6 ■ 5’) < 5 
lofe-a 9 < 2 


| 6 - + 3 ->3-_6- +3 - 
16 ^ 4 ^° > 2^ +1 

_|_ ^*+3 >■ 5 s+ ~ -f- (3 5*+1) 

2- + 2^ < 0 


+ 27 < 12 ■ 3*’ 1 
(3 + 2V2)* + (3 - 2V2) 1 > 34 







THE SLIDE RULE 


Within 20 years of the publication of Henry Briggs' tables of logarithms, the use of logarithms had spread all the wav 
around the world. Logarithms were no longer a strange mathematical technique used only bv great scientists like 
Johannes Kepler: they had become a common tod in schoolrooms. Logaritlnns were also commonly used in all trades 
and professions that needed to make frequent calculations. It is hard to imagine an invention which has helped die 
process of computation more dramatically, die only exceptions being die modem digital calculator and the computer. 
At about diis time, Briggs' colleague Edmund Gunter realized that instead of carrying around a set of logaridim 
tables, he could inscribe distances on a piece of wood to represent the logarithms. A pair of dividers could be used 
to measure diese lengths, and adding the lengths together would be equivalent to adding die logarithms. This device 
(known as Gunter's Line of Numbers) quickly became a popular calculating tod. 



Of course, it did not take long for William Oughtred to see that in order 
to measure these distances widi a pair of dividers, it is only necessary 
to have two scales which can slide past one another. This was the basic 
principle behind a calculating tod called the shde rule. In 1850, a 
French army officer called Arnedee Mannheim took Oughtred s idea 
and invented die slide rule that we know today. 

A slide rule is a computing tool which uses die properties of logaridnns 
to allow the user to perform complicated calculations easily. Since 
log(ab) = log a + log b, it is quite easy to understand how a slide rule 
works. 

A shde rule consists of three main parts, as shown in the picture: 

The body and slide of die rule are printed 
with different scales, and each scale has a 
specific function. The letters to the left 
and right of the individual scales are the 
names of the scales: A & B, Cl & C, D, K, 
etc. hi its most basic form, the shde rule 
uses two logarithmic scales which allow the user to rapidly multiply and divide large numbers. More complex slide 
rules allow the user to calculate other things such as square roots, exponential expressions, logaridnns and 
trigonometric functions. 

To make a calculation on a shde rule, we use one hand to hold the body of the rule and the other to move the 
slide and cursor to align the different scales. The numbers which are brought into line show the approximate 
value of the product, quotient or other desired result. 

For example, let us begin widi a simple product: multiply 2 by 4. We move the left index of the C scale over 2, 
then move the cursor to 4 on the C scale and finally read the answer 8 on the D scale. Physically, we have added 
the logarithm of 2 to the logarithm of 4, but we have in fact multiplied the the two numbers. 

Notice diat on a slide rule, multiplying 2 bv 4 is 
functionally equivalent to multiplying 2 by 
400, or 200 by 4 000 000. It is up to you to 
work out the powers of 10 in each case. 
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For this reason, it is best to express the numbers in scientific notation before using the slide rule. For example, 
we can write 200 times 4 000 000 as 2.0 X 10" X 4.0 X I0 6 , which reduces to 2.0 X 4.0 X 10* t and finally 
8 X 10 fi . 



Now let us try a harder calculation: What is 2.1 X 5.5 X 7.8/32? 
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To divide two numbers, we subtract the 
logarithm of die second number from the 
first. For example, to divide 5.5 by 2, we 
line up 2 on the C scale with 5.5 on die D 
scale, then read die answer 2.75 on die left 
index of die C scale. Although we have 
physically subtracted two quantities, we 
have in fact divided one number by anotiier. 


Move the cursor to 2.1 D. 


Line up 3.2 C with the cursor. 


Move the cursor to 5.5 C. 


Line up 10 C with the cursor. (32 = 3.2-10) 


Move the cursor to 7.8 C. 

Read the answer on the D scale: 2.815. 


Notice diat we cannot use a shde rule for addition or subtraction. We can also calculate square and cube roots on 
a slide rule, although they require special scales. You can find out more about these scales and about slide rules 
in general on die Internet. 

The pictures below show some different and unusual types of slide rule. 

























































































































CHAPTER 3 SUMMARY 


1. Exponential Equations and Inequalities 

• An exponential equation is an equation in which the 
unknown appears only m the exponent(s). For example, 
3 I+2 = 1 is an exponential equation, but x ■ 3 X = 3 is not 
an exponential equation. A solution of an exponential 
equation is a value of x which satisfies the equation. The 
set which contains all the solutions of an exponential 
equation is called the solution set of the equation. Two 
exponential equations are said to be equivalent if they 
have exactly the same solution set. Solving an exponen¬ 
tial equation means finding its solution set. 

• To solve an exponential equation, we try to reduce it to 
one of four main forms and then use the appropriate 
me thod. 


2. Logajnifchmic Equations and Inequalities 

* To solve a logarithmic equation, we try to reduce it to one 


of two main forms and then use the appropriate method. 


Form 

S olution 


Solve f(x) b = g(x) 

loftw ff(*) = log ; -„ k(x) 

Solve g(x) = k(x). 


To complete the solution, we check the solutions against 
the existence conditions for logarithms in the original 
e quation. 


Form 

Solution 

a m = a 3 '*’ 

Solve f{x) = g{x). 

Jl 

A 

• If b < 0 then there is no solution. 

* Otherwise, solve f(x) = log fl b. 

a m = b sm 

Take logarithms (usually common 
logarithms) of both sides to a 

convenient base. 

Rxyv =f(xf^ 

* Combine the solutions of 

f(x) = 1, g(x) = h(x) and the 
[/(■*■) = 0 
system ■ g(x) > 0 . 

[fe(*)>0 

» Also check for solution(s) 

to/(x) = -1. 


* We can solve a logarithmic inequality of the form 
log^.j g(x) < log^j k(x) by establishing and solving one of 
the systems 


'/(*)>! 
gx) < h( x") or 
S(x)> 0 


0 <f(x)<l 
g(x) > k(x) 
h(x) > 0. 


3. Systems of Equations and Inequalities 

* To solve a system of equations or inequalities, we use the 
solution methods shown previously along with algebraic 
operations, elimination and substitution. To complete the 
solution, we check the solutions against the existence 
conditions for logarithms. 


* We establish sign tables to solve systems of inequalities. 


• To solve an exponential equation of the form 

(p ■ a 2flI} ) -f- (q ■b^ m ) + (r - a m ■ b m ) = 0, we divide both 
sides by any of the terms (excluding the coefficient) in 
order to obtain a known type of equation (quadratic, 
cubic, etc) which is easier to solve. 

• To solve an exponential inequality of the form a fU) > a g(x \ 
we solve 

-fix) > g(x) if a > 1, 

-fix) < g{x) if a e (0, 1). 



Concept Check 


1. How do we solve exponential equations? 

Why do we nee d to che ck the solutions of a logarithmic 
equation against the existence conditions for logarithms? 
Why do unsuitable solutions appear? 

3 What is a critical value? 

4 H ow do we e stablish a sign table ? How do we know which 
sign to put in each interval? 

_ Logarithms 





















1. Solve log 3 (logj v) = 0 for x. 

A) {3} B) {4} C) {S} D) {8} E) {16} 


@. What is the sum of the solutions of 


log E7 a -log 9 fl = 



A) 73 B) C) — D) 273 E) — 

3 3 3 


% Solve 5** +I = for x. 

125 

A) {3} B) {2} C) {1} D) 1-1} E) 1-2} 


7* log 3 a~ + log. j b 3 = 12 and log 3 a 2 - log. b~ - 5 are 
given. What Is log fl (jfr - 1)? 

A) 1 B) i C) 1 D) 2 E) 3 


3. What Is the solution set for 4 1 - (9 ■ 2*) + 8 = 0? 
A) 10, 2} E) 10, 3} C) 12, 3} 

D) 13,4} E) 11, 8} 


4, Solve log(2x + 1) - log x - 2. 

A) — B) — C) — D) — E) — 

104 102 100 99 98 


5. What is the solution of the inequality log.(4 -jc) < 1? 
A) x > 1 B) x > 4 C) x > -1 




Given x z 1 and a 10411 = -<Jx, solve log i y -log^ x 
for .v. 


A) 


B) 2 


D) 3 


9. Solve 5 1 + 1 = 2 1 for x. 

A) log 5 2 B) log* 5 C) log^2 

2 

D) log. 2 E) log. 5 


10, What Is the solution set for 
log(3x - 4) -log(3.x; + 1) = 0 ? 




B > ( i } 


C) 0 


D) R 


Vu 




D) x e (1, 4) 


E) x e (-1, 4) 


1 4 

E) R-l—, -} 
3 3 









11, What is the sum of the solutions of 

3- l0a * + 3^-1*S* - |Q? 


A) 


101 

loo 


B) 11 


C) 


1001 

10 


D) 101 E) 1001 


12, 9* - (10 ■ 3 s +I ) + 3* = 0 has solutions x 1 and x*. 
What islog^^ + x«)? 

A) 8 B) 4 C) 2 D) 1 E) 1 

2 4 


log 8 2 log -Jx 



log(2* + l) 3 log(i VS4) 


In the figure above, 

KL = log 8, LN = 2 ■ log Va, 

KM = log(2.v + 1) and MN = 3 ■ log(i^54). 

3 

What is x? 

A) - B) - C) 1 D) 2 E) 5 

2 & 


17. If log, (2a - 7) -log 7 (A - 2) = 0, wiiat is log- .v? 

A) 0 B) 1 C) 2 D) 3 E) 4 


13, What is the sum of the integers in the solution set 
for log„(log 4 (a- - 6)) < 0? 

A) 36 B) 33 C) 24 D) 19 E) 17 


18. Which of the following is the solution set for 
logg(9 ■ 3* +s ) = 3 a + 1? 

A) {-1,1} B) {0, 2} C) {0} 

D){1> E) {2} 


14, How many natural numbers satisfy the inequality 
log a (3A - 5) < log 9 (A + 6) e ? 

19. Solve 4 lo “** —2x+ 3. 

A) 3 Bi 4 C) 5 D) 6 E) 7 

A) {-3} B) {-1} C) {1} D) (2) E) {3} 


IS, What is log,. + j (a + 9) ifA satisfies 
log a (2 a + 1) -log 9 (A -2)-= 1? 

4 5 7 

A)- B) - C)2 D) - E) 3 


20, What is the product of the solutions of the 
10 

equation 4 X + —=10? 

3 5 15 

A) - B) - C) 3 D) — E) 3 

4 4 4 










A) 32 B) 16 C) 6 D) 12 E) 24 


2„ If log,(log 7 (lo g- x)) - 0, what is x? 

A) 0 B) 1 C) 7 3 D) V E) 5 7 


7. How many natural numbers satisfy the inequality 

log 5 (z - 2 ) < 2 ? 

A) 23 B) 24 C) 25 D) 26 E) 27 


S„ Solve 7 i+1ob ^ +1) - 35. 

A) {6} B) {12} C) {24} D) {48} E) {64} 


8, Which value of x satisfies 

2x - log(5 s * + 4 X - 16) = x ■ log 4? 

A) 1 B) 2 C) 3 D) 4 E) 5 


4, Which value of x satisfies 5* = 3* +I ? 

A) log, 5 B) log- 3 C) Log, 3 

5 

D ) log, 3 E) log 15 3 

3 


9, x 1 and x e are the two roots of the equation 
(ar 4- 5) loSaU_+5J - 81. Which of the following is a 
possible value of x*'~ ? 

A) 16 Bt 9 C) - D) — E) — 

4 9 27 


6. Solve log 3 (3 +■ 3 log 3 x) = 3. 

A) {3 2 } B) {3*} C) {3 5 } D> {3 8 } E) {3 s } 

Chapter Rnteu T*rt 


i 


10* What is die sum of all the solutions of x l °* x ° 




C) — D) 6 
5 


= 5? 

E) 11 
















11, How many integers satisfy 
log 3 (x + 1) -log j (3 - x) >1? 

3 

e* -e~* 1 

16, What is the solution set for , . „ ? 

e+e 2 

A) 3 B) 4 C) 5 D) 6 E) 7 

A) {—lii 3, -pin 3} B) {In 73} C) {2 In 3} 

2 2 

D) (ihi ji} E) {-In 73} 

12. Which value of a satisfies 

log 4 5 ■ log^ 6 -logj 7 ...log aa + 1 (3a + 2) = 

17, What is the product of the solutions of 

A) 8 B) 10 C) 11 D) 12 E) 15 

log 3 (10 - 3*) = lO^^? 

A) -2 B) -1 C) 0 D) 1 E) 2 

13. Which value of x satisfies Lo (x + 3) > 1? 

5 

18. What is the solution set for the equation 

14 16 46 

A) 1 B) —2 C) D) E) - — 

0 0 0 

* ■ log* 5 = log 3 5? 

A) {3, 5} B) {3 t 5 t 15} C) :R 

D) R - {1} E ) M + - {1} 

14. Solve log yr 4 = log ^(9^*). 

19, Which value cannot be taken by x if 

A) {1} B) {^} C) {^} D) {4} E) {9} 

(x-l) l ^- (16 - xl) = 1? 

A) - Jld B) VT5 C) 0 D) 2 E) 4 

15, What is the sum of the solutions of 

20, What is the solution set for log„(x~ - 1) < 3? 

logsC* + 2) + log^* + 7) =2? 

A) (1, 3| B) |-3 t -1) |-3, 3| 

A) 2 B) 3 C) 4 D) 5 E) 6 

D) (-1, 1) E |-3, -1) u (l f 3| 

\ i2 S 

Loaunthnu 


Loaunthm 




1, Solve log;(log 3 x) = 4 for 

A) {3 4 } B) {3 12 } C) {3 ie } D) {2 7 } E) {2 1 "} 


2, Solve 3 10,51 = 3 for x. 

A) {9} B) {3} C) {73} D) {^3} E) {^3} 


3, Which ordered pair satisfies the system 

[5 S+1 - 3* +1 =116 
+ 3* = 28 

A) (-2, 1) E) (1, 2) C) (2, 1) 

D) (-1, 2) E) (2, -1) 


4, Solve 10 1 " 1 + (3 ■ x* 10 ) = 40 for x. 

A) {e-} B) { e } C) {-} D) {i} E) {\} 

e e~ e 


5. What is the sum of the solutions to the equation 
3^og7x-log„ 8 a : + 1 = 0 ? 

A) 2 B) 8 C) 14 D) 16 E) 18 

bap** 


6, How many integers satisfy the inequality 
log.,(4* - 2) < 3? 

A) 1 B) 2 C) 3 D) 4 E) 5 


7. What is the product of the values of * which 

satisfy 2 log, x I- log^ 2 = 3? 

A) \ B) %/2 C) 2 D) 2 72 E) 4 

Z 


8. Solve 2 ln ° - (3 ■ a h -) = -8 for a. 

A) {i} B) {-} C) {1} D) {<?} E) {e-} 
e~ e 


9. Find the sum of the solutions to the equation 
yj\Og7x = log; 

A) 3 B) 5 C) 9 D) 17 E) 33 


ID, Solve log 3 (.x: - 4) + log^jr + 8 j + 16) = 2. 

A) {5} B) {6} C) {7} D) {9} E) {16} 


ft*,. 










1L Which of the following is the solution set for 
log 3 (3 -x) < 2? 

(-9,6| |-6 t 3) v (-6, -3) 

D) |-3 f 6) E) (-9, 3) 

12, How many integer solutions does (log- x)“ - 4 < 0 
have? 

A) 25 E) 26 C) 27 D) 28 E) 29 


16, (13 ■ 6*) - (6 ■ 4 s ) - (6 ■ 9") = 0 has solutions x 1 
and av Find 5* 1 '* 5 . 

A) 25 B) 5 C) 1 D ) - E) — 

5 25 


17, Solve log 3 (7-log s (^-)) = 2. 

iJ 

A) {-} B) {1} C) {|> D) {h E) {3} 
4 5 3 4 


13, What is the solution set for 

log^ 2 4- 10^4 i- log^ 8 + ... i log^ 256 = 12? 

A) {1} B) {2} C) {4} D) {8} E) {12} 


18, Winch value of a satisfies {a) las -27? 



3 ^ 5 

B) - C) - D) 2 E) - 

2 3 2 


14, Which value of x satisfies the equation 
ln(x -I- 1) - In x — -1 + hi3? 


A) 


€ 4" 3 


B) 


e-3 


C) 


3-e 


D) 


€ + 3 


E) 


3e 

3-e 


19, Which value of jc satisfies log x - 5 log 3 = -2? 
A) 1.25 B) 0.81 C) 2.43 

D) 0.8 E) 0.8 or 1.25 


15. What is the solution set for log,(2% - 4) < 1? 

(0, 2| B) (2, 4| |1 2) 

D) (1 4| E) (3. 5| 

V/ 


20, Which values of a 1 satisfy’ 2 < log (2a: - 100) <3? 
A) 50 < x < 250 E) 100 < x < 120 

C) 250 < a: < 500 D) 300 < x < 550 

E) 100 < x < 550 


Lvaunthmi 








1, x and ij are integers such that 

(x ■ log 400 (^/ ■ log 4<H} 2) = 3. Calculate x + ij. 


A) 13 


B) 15 C) 18 


D) 20 


E) 21 


2. Which value of x satisfies 

2 kj *s xl _ 2 I+loa ^ x -\~ 2" I+kJa ^ * — 2 ? 


A) 25 


E) 5 


C) 1 


D) 


E) 


25 


3, In the triangle opposite, 

I ADI 1 [BC|, |AD | 1 |AC 1 1 

AB = log ij, 

AC = log 3, 

AD = log x and BC - log 9. 

What is —? 

x 



A) x- 


B) x 


C) 1 


D) 


E) 


4, What is the suni of die solutions to (In x)“ = In x~? 


A) —+ 1 
e~ 


B) e—1 

D) <r + 1 E) e(e + 1) 


C) l+i 

e 


6. Solve x*' 3 +3 lo,iI =18. 

A) {3} B) {6} C) {18} D) {36} E) {54} 

' hu[jt’*r /hu ll’ll Tnt 3D 


6. How many integer values of a satisfy the inequality 
-1 < log;, (log, (A’ - 2)) < 1? 


A) 16 


B) 15 


C) 13 


D) 11 E) 10 


7. What is the sum of the values of x and ij which 


satisfy the system 

A) 15 


log 3 A 5 -log 5 y 3 = 7 ? 
log^x +logos' 

B) 14 C) 13 D) 10 E) 9 


8. What is the solution set for 1 + log^ 3 > 2 log^ 4? 


A ) (- 


16 v 


B) »■ T> 


D) (0, l)u(“ «) 

|J 


C) ( 


E) (0, 1) 


16 


x t 1 and log_ A+i 0 g -* = 1 are given. What is 

x 

log jj ? 


A) 


B) -2 


D) 2 E) 4 


110. How many different integers satisfy- the inequality 7 
log(A‘ + 21) < 1 + log A? 


A) 3 


B) 4 C) 5 


D) 6 


E) 7 

V/ 












1L What is the product of the solutions to 

log"(100jc) +log-(10 1 x) = 14 -I-log — ? 

x 

A) 10~ m B> 10" 3/ - C) 10"^ 

D) 1(T 7 * E) 10-*" 


12, Solve (3 log- 2) + 2 - x - log.(3* - 5“ *). 

A) {6} B) {5} C) {4} D) {3} E) {2} 


13, Which of the following is the solution set for 

< e? 

|1- e| B) |E e\ |1, 3| 

e e~ 

D) 11, e-\ E) \- r 1| 

e 


14, Given log x + log I0O x = 7 f calculate x 2r ~. 

A) 10 M * E) 10 7 C) 10 6 D) 10 s E) 10 4 


15, What is the product of the solutions to 

(In x)~ - In x° - In e G - 0? 

A) e 6 E) e* C) e " 6 D) e~ D E) e _I 


16, Solve (2x^~ -(3^ 3 = 0 for x > 0 andt > 0. 

A) {-E} B) {1} C) {1} D) {6} E) {12} 

216 6 

17. Which value of x satisfies 2-* - (8 ■ 2 1 ) + 12 = 0? 

A) log 3 B) Ilog6 C) 1 + log- 

2 2 

D) 1 + log, 3 E) 


18. What is the solution set for jt- 10 ® 1 = ——? 

100 

A) {E} B) {10} C) {100} 

D) {10, 100} E) {E io} 

19 . Find the sum of the solutions to a ' 3 " 10 ®" 1 = 36. 

A) 42 B) 41 C) 40 D) 36 E) 70 

20. What is the solution set for the inequality 
log 5 (x- + 1) + log 5 (x - 1) < log 5 3? 

A) -2 < * < 2 B) -2 < x < 2 C) -1 < x < 2 

D)1<jc<2 E) 1 < x <2 


Lvimnth tHi 





EXERCISES 1.1 


1 a. - b. - c. 2 d. - e. 1 f. 3 g. - h. — i. - j. — k. - 1. -3 lfl in. 3 +7 2. a. a 1 b. \ c. 

9 9 9 4 729 6 13 8 a* 

d, e. — f. — g. 9jr h. 3 x*if i. x 2 j. -1- k. a: 11 1. -1— ? a, 3 b. 3 c. 2 4 a. 3--^- b x 1 ^ 

2 16 x 3 x 10 if 

1 £ 11 

c. xV3x d. ——— e.^/x// f. -r- 5. a. 3 b. — c. 8 d. — e. -5 f. not a real number 

j2x A 2 if 3 8 

g. 2 h — l. -2 j — k. 1. — nr -12 n. 4 o. 9 6. a. — b, c. a~ d, -4r e. 8 a: f. — 7 a. 1 b. 25^ 
2 2 2 6 3a nr n s x 


c, — d. — e. — f. — 8. a. a 4 b. m 9. a. 7 b. 18 


64 


36 


EXERCISES 1.2 


1 a. yes b. yes c. yes d. yes e. no f. no g. no 
b. 



1 



lj=f(x) 






y=m 


V6 


5 a. no b. yes c. no d. yes e, no f. yes 6. a. z 71 b. \i c. /* d. \i e. z 1 f. z 1 


EXERCISES 1.3 


1 a. shift 1 unit up b, shift 3 units down c. shift 2 units right d. shift 1 unit left e. reflect in the a 1 -axis f. reflect 
in the */-axis g. stretch horizontally by a factor of 2 h. stretch vertically by a factor of 3 1 . shift 2 units right, reflect 
in the x-axis j. shift 1 unit left, reflect in the x-axis, shift 1 unit up 

,4/uuerj 

































c. y = (i)’ - 3 d. y = 3-(i) : 


2 . a. */ = (-)"’ b. y 


4 y 


3. a. D: E 
ff: E + 
a: y = 0 


b. D: E 
ff: E + 
a: y = 0 


c. D: E 
ff: E* 
a: y = 0 


d. D: E 
ff: E - 
a: y = 0 


e. D: E 
ff: (-3, «j) 
a: = -3 


f. D: E 
ff: (4, «>) 
0:^ = 4 


g. D: E 
ff: (- 03 , 6) 
a: y = Q 


h D: E 
ff: E- 
a: y = 0 


i. D: E 
ff: E' 
a-.y = 0 



EXERCISES 1.4 = 


1. a. 50 b. 70 c. 400 2 a. 832 918 b, 142 7476 3. 100 minutes 4. 638 976 5. a, $910 b. $828.10 c. $322.48 
6. 612 days 7. 24.8 years 8 55.2 days 9 a. $1220.39 b. $1489.35 c. $1817.59 10. $473.65 


EXERCISES 2.1 


1 a. 1 b -3 c. 1 d. 0 e. 2 f, 1 g. 0 Ji. 0 l — j. 3 k. 1 1. 0 2 a. log 3 4 b. log,, — c. log 3 — d. In 16 e. log 5 f. log 20 

5 3 2 4 


3, a. x b. 3 c. 49 d. 


^ e. — f. 5 e. — h. 3 i. — 4 a. 1.2552 b. 1.4771 c. -0.699 5 a. 16 b. 10 c. 13 


64 


2 f 5 j ~ j -j 

d. 26 a log A b. log J— ■ a. 31oga + 21ogl> -i-logcb. —log a + —log b + log c a. 1 b 3 

ij y x 6 2 


c. — d. 3 
2 


l t 0/1 v P + i , a + 3 2ab + 2a-l in ^12, 3 + 4a 1,1,. 1000 , 1125 

9, a. — b. 2(1 - a) c. - d. - e. - 10 a, - b. - 11 a. — b. — 12. a ——— b. - 

a p 2 ab4-b4ri 3 +2a l-2a 2 2 9 16 


w 


Logo nth iiu 






















































EXERCISES 2.2 


1 a. (2 t oo) b. R \ |-1 f 6| c. R \ {1} d. R\ {0} e. (-1, 1) f. (-^» t 0) (2, 3) g. R \ {1} h. (-3, 0) u (1, *») \ {-2} 

2 a. (2, oo) b. (1, oo) c. (0, 1) d. (I oo)\{l} e . (-2, 1) f. E \ |-2, 2| g. E\ [0, 1| h. (i 2) i. (-2,-^) 

2 3 2 


j. K\ |-2, 1| k. (2, 3) 1. (-oo, 0) 



b. > c. > d. < (>. a. x < y < z b. z < y < x c. z < y < x 7 . a..f\x) = log 5 x b. / J (x) = log, x c ./ J (x) = In * 

J 

d / _1 (^) = log 1 x e./’V) = 1 + log* * f, f'\x) = 1 + 1 ° S ^ A —— g = -1 + bi(2 - x) h.f~\x) = 2' + 3 


i ./ 1 (jc) = e 1 - 2 j. / 1 ) — 10 3 -1 k ./ ^je) = 10* 1 l.f J (x) = 3* + 48 a. strictly decreasing b. strictly decreasing 
9 m e {-3, 3} 10. a. a < b b. a > b 11.2 12 73 


EXERCISES 2.3 


1. 5.08 2 the Sail Francisco earthquake was twice as intense as the Indonesian earthquake 3 1.5 4 15 times 
5. a. 2 b. 4 c. 5 6. 7 7 3.98 ■ 10- 3 mol/L 8. between 10' 1 and 10' u mol/L 9. 70 dB 10 27 dB 11 22 dB 


EXERCISES 3.1 


a- {|} b. {-£} c. {-1, 2} d. {|} e. {2} f. {4} g. {2} h {|, 3} 2. a. {log, 10} b. {0} c. {±^~4) 

d. {log, VI} e. { - 2+l0£ - 3 } f. {log, 2} a. {log, 0 —} b. {0} c. {log^O} d. {0} e. {2} 

4 a. {2} b. {-2} c. {|> d. {log 3 2 t log 3 7} e. {log 1+ja 2} 3 a. {in 4} b. {4} c. {1} d. {10^98} 




































6. a. {-2} b. {-1, 1} c. {-1,0, 1} d. {O.log^} e. {O.log^} 7. a {0} b. {log.2, 0} c {l,log 3 2} 

¥ T J 

8. a. {3} b. {3} 9. a. {1, 4} b. {-1, 1, 2} 10. a. (5, ») b. (-», -) c. [3, «) d. |4, «) e. M 

4 

11 a. (0, 1) b. (2 t oo) c. (-oo, 1) i i a, [—1, qo) b. (-m, -1| c. {0, —} o a. (-m, 0) u (Logj3, &=) b. (-«, 0) u |l t oo) 

2 

l-i. (-oo, -i) u(l, oo) 


EXERCISES 3.2 = 


1 a. {4} b. {3} c. 0 d. {5} e. {-1, 1} f. {256} g. {41} 2. a. {2} b. {6} c. {2} d. {1} 3 a. {1} 

b. {3 3} c. {2} d. {2} e. {1, e} f. {e> g. {1} h. {1} 4 a. {16} b. {2} c. {4} d. {1,9} 

2 9 

5. a. (- -) b. |-1, oo) c. (2 —) d. |-5, -3) u (3, 5| e. (-2, -VS) u (VS, 2) f. (0, 1| g. (-2, 1) h. (1, 16) 
2' 2 v ’ 32 

i. (4, 13) j. (7, 111 L (3, 5) 6 (0, fl)u(l, -) 

a 


EXERCISES 3.3 = 


1. a. {( 3 , I)} b. {(2, 1), (1, 2)} c. {(2 , 2)} d. {(--, --)} e. {(1, 0)} f. {(2, 1)} 2. a. {(I, 1)} 

2 2^2 6 

b. {(0, -2), (2, 0)} c. {(-2, 0)} d. {(1, 2)} e. {( 2 , I )} f. {(2 , -i)} 3. a. {(2^2, ifs)} b. {(5, 2)} 

5 5 2 

A "0 

c. {(2, 6)} d. {(1, 4), (4, 1)} e. {(3, 9), (9, 3)} 4 a. {(8, 2),(2 _ *. 2 T ) b. {(27, 4)} c. {(4, 16), (16, 4)} 

d. {(5, 5)} e. {(2, 4), (4, 2)} a. (-1, 3) b. ( 2 , 2) u(3, «.) c. |2 + 2VS, oo) d. (-», -2| e. (2, 3| 

2 
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antilogarithm: The antilogarithm of a number a is 
the number whose logarithm is equal to a. x is the 
antilogarithm of log x\ x = antilog (log x) or 
X - log 1 (log A") . 


7 critical value a value of a variable which makes all 
or part of an expression zero. 

I cube wot: The cube root of a number x is the number 
whose cube is x. 2 is the cube root of 8 since 2 3 = 8. 


argument: 1. a variable in a mathematical expression 
whose value determines the dependent variable 
(such as x in f(x) - y). 2. the number or expression 
denoted bv x hi hie logarithmic expression log a x. 

asymptote: a line which the graph of a function 
approaches but never touches. 



p 

decibel scale: a scale based on common logarithms, 
which is used to measure the relative intensity of 
sounds. 

decreasing function: a function whose value never 
increases as the value of the variable increases. 


j base 1. a number (such as 5 in 5 7 ) that is raised to a 
power. 2. hie number or expression denoted bv a in 
the logarithmic expression log c v. 

basic exponential fiuiction: a function of the form 
f(x) - a x for a > 0, a ± 1. 

j basic logarithmic function: a function of the form 
/:( 0, co) R t f(x) = log a x for a > 0, a ± 1. 

bijection (bijective fhnction): a mathematical function 
that is both one-to-one and onto. 

characteristic: the integer part of a common 
logarithm. 2 is the characteristic of log 500 = 2.699. 

cologarithm: the logarithm of the reciprocal of a 
positive number x, written colog x. 

common logarithm: a logarithm to the base 10. The 
common logarithm of a number x is written as log x. 

compound interest interest which is calculated based 
on the sum of an original principal and any previous 
interest. 


F 

e (Euler number) hie irrational number 2.718 2818 3..., 
which forms hie base of natural logarithms. 

equivalent: If two equations have the same solution 
set then they are called equivalent equations. 

Euler logarithm: another name for a natural 
logarithm. 

exponent: a number written above and to the right 
of an expression, which shows hie power to which 
the expression should be raised. 2 is the exponent in 
both 3" and (x - 5)". 

exponential decay: a change in the amount of a 
quantin’ over time, which can be modeled bv a 
decreasing exponential function. 

exponential equation: an equation in which the 
variable appears in an exponent. 

exponential jitnetion a function whose independent 
variable is in the exponent, such as f(x) — a * for 
a > 0, a # 1 or/(A) = c ■ a i{ * + p> + k for a, c t d , p t k e R 
and a > 0, a ± 1. 


•v 























^exponential growth: a change in the amount of a" 

quantity over time, which can be modeled by an 
increasing exponential function. 


H 

half-life the time required for half of the atoms in a 
radioactive substance to decay. 

horizontal shift: moving a graph to the left or right 
without changing its shape. 

horizontal shrink: changing the shape of a graph to 
fit a smaller horizontal scale. 

horizontal stretch: changing the shape of a graph to 
a fit a bigger horizontal scale. 


r 

identity fiinction the function defined by f(x) = x. 

increasing ft net ion: a function whose value never 
decreases as the value of the variable increases. 

index (plural indices): 1. another word for exponent. 
2. the number in a radical expression which shows 
the root to be extracted. 3 is the index in 1/64. 

injection (injective function) a mathematical func¬ 
tion that is a one-to-one mapping. 

integer: any number which is a member of the set 
{... -3, -2 t —l t 0, l ( 2 f 3 t ...}. 

interest: a charge for borrowed money, or the profit 
in goods or money that is made on invested capital, 
calculated as a percentage of the borrowed money or 
capital. 

interpolation: a way of estimating the value of a 
function between two points by assuming that the 
graph of the function is a straight line. 

irrational number: any real number which cannot be 
expressed as a fraction. 



logarithm . The logarithm x of a number N to a base 
a is the power to which a must be raised in order to 
obtain JV: x - logJV means a* = JV. 

logarithmic fmetion: a function whose independent 
variable is in a logarithm, such as f(x) = log fl x. The 
inverse of a logarithmic function is an exponential 
function. 

logarithmic spiral (equiangular spiral) a spiral 
whose radius grows exponentially with its angle to 
the x-axis. It is defined by the polar equation 
r = a ■ e bQ where r is the distance from the origin, 6 
is the angle with the x-axis, and a and b are arbitrary 
constants. 


M 

mantissa: the part of a logarithm which lies to the 
right of the decimal point. 0.699 is the mantissa of 
log 500 = 2.699. 

monotone (monotonic) function: a function which 
is either increasing or decreasing. 


N 

natural logarithm: a logarithm to the base e. The 
natural logarithm of a number x is written In x. 

natural number: any number which is a member of 
the set (I, 2, 3, 

nrh root b is an nth root of a if and only if b n = a. 



















one-to-one ftnction: a function for which f(xf) 
for any x 1 * i n _. 

oj/fo function a function for which, for any y in the 
range, there is at least one x in the domain such that 
f(x) = V- 


parameter: a variable that can be varied or changed 
in an expression. 

pH scale: a scale which is used to measure the 
amount of acid in a solution. A low pH number 
represent a high acidity, and a high pH number 
represents a high basicity. 

power: a number or expression which is the result of 
a number multiplying a number by itself, as indicated 
by an exponent. 8 is the third power of 2: 2 3 = 8. 

principal: a sum of money which is borrowed or 
invested. 

principal sail root: the positive nth root of a number. 
2 and -2 are square roots of 4, but only 2 is the 
principal square root of 4. 


radical sign: the sign or V (where n is an 
integer greater than or equal to 2) in a radical 
expression. 

radicand: the quantity under a radical sign. 27 is the 
radicand in ijrf. 

rational number: any real number which can be 
expressed as a fraction. 

real number: any rational or irrational number. 

reflection: changing the shape of a graph by reflecting 
it along a line. 

Richter scale: a scale based on common logarithms 
which is used to describe the strength of an 
earthquake. 


root wi equation (solution): a value of a variable 

in an equation which makes the equation true. 

roof qf a number: a number which equals a given 
number when raised to an integer power. 3 and -3 
are roots of 9. 




scientific notation: a number in scientific notation 
is expressed as the product of a number between 1 
and 10 and an appropriate power of 10. 1.591 X 10 3 
is a number in scientific notation. 1591 is the same 
number in normal notation. 

slide rule: a device used for multiplying and dividing 
numbers which makes use of the property 
log(fli) = log a + log jt. A slide rule has a body and 
a slide marked with logarithmic scales, and a movable 
cursor. 

square root: A square root of a number x is a number 
whose square is x t denoted by Jx. The square root 
of 9 is 3: 79 = 3. 

surjection (surjective function): a mathematical 
function that is an onto function. 


transcendental number: a number that is real but 
not algebraic, i.e. it is not a root of any polynomial 
equation with rational coefficients, e and n are 
examples of transcendental numbers. 


vertical shift: moving a graph upwards or downwards 
without changing its shape. 

vertical shrink: changing the shape of a graph to fit 
a smaller vertical scale. 

vertical stretch: changing the shape of a graph to a 
bigger vertical scale. 





















WHAT IS A LOGARITHM? 
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